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In our previous study, we investigated a classical XY model on a circle by adopting the
Mexican-hat type interaction, which is composed of uniform and location-dependent
interactions. We solved the saddle point equations numerically and found three non-
trivial solutions. In this study, we determined the phases of complex order parameters
and derived the saddle point equations for stable and unstable nontrivial solutions and
the formula of boundaries of bistable regions analytically. We performed Markov Chain
Monte Carlo simulations and confirmed that the numerical and theoretical results agree
well.
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§1. Introduction

Over these past years, we have been studying the synchronization - desynchronization phase
transition of oscillator networks.! In particular, we have studied the phase oscillator network?*
with the Mexican-hat type interaction on a circle. This type of interaction was introduced to model

the feature extraction cells in neurosciences® %

and to express effects of excitation of nearby neurons
and inhibition of distant neurons.

In the course of the analysis of the phase oscillator network, it turned out that information on
the phases of complex order parameters is necessary. Therefore, we studied the XY model on a
circle with the same interaction as the phase oscillator network, because both models coincide with
each other under some conditions.

In the XY model, we found three nontrivial solutions of the saddle point equations (SPEs), the
uniform (U), spinning (S), and pendulum (Pn) solutions.” We confirmed the agreement between the
theoretical and numerical results, and drew phase diagrams by performing numerical simulations.

In this study, we theoretically determined the phases of complex order parameters that enabled

us to derive the self-consistent equations (SCEs) of the amplitudes of complex order parameters

in the phase oscillator network. We derived the SPEs of the amplitudes of complex order param-

* E-mail address: uezu@ki-rin.phys.nara-wu.ac.jp
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eters for stable and unstable nontrivial solutions as well. Furthermore, we derived the formula of
boundaries of bistable regions by identifying and using the unstable Pn solution. We performed
Markov Chain Monte Carlo (MCMC) simulations and found that the numerical and theoretical
results agree well.

The structure of this paper is as follows. In §2, we formulate the model. In §3 and §4, we
analyze the model with only the location-dependent interaction, and the model with both the
uniform and location-dependent interactions, respectively. We derive the formula of boundaries of
bistable regions in §5. Summary and discussion are given in §6. In Appendix, we give the detailed

derivation of the SPEs.

§2. Formulation

Let us consider the classical XY model. We assume that the magnitude of the XY spin
X =(X,Y) is 1. Let ¢; be the phase of the i-th spin X; = (X;,Y;),

X; = cos ¢y, Y; =sing;. (1)

The Hamiltonian H and the interaction J;; between the i-th and j-th spins are given by

H = — Z Jij COS(Qﬁi — qu), (2)
1<J
. Jo J - 27 .
Jz] = N“‘NCOS(H Hj)a QZ_ZNaz_Oa aN 1. (3)

Here, 0; is the coordinate of the i-th spin on the unit circle. The interaction J;; has the property of

the Mexican-hat type interaction. Now, we introduce the following three complex order parameters:

, 1 .
W= Re'®=% e, (4)
J
‘ 1 .
W, = R.® = N Zcos Hjewj, (5)
W, = ('O = Zsm@ e’ (6)

By using R and Ry = \/R2 + R2, H is rewritten as
N 1
H = =5 (JoR*+ IR} +5(Jo+ 7). (7)
We introduce different expressions of order parameters as

1 . 1 .
Rp = Rcos© = sz:cosgﬁj, R = Rsin® = sz:smqu,
1 . 1 .
R.p = R.cos©, = N Zcosﬁj cos ¢j, Rer = Resin©, = NZCOSHJ' sin ¢;,
J J

1 1
Rsp = Rscos O, = N Zsinej cos ¢, Rs; = Rysin®, = stinej sin ¢;.
J J
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Introducing their conjugate variables and using the relations

1
/dRR(S(RR -~ Zcos ¢;) =1,
J
1 N 5 _—NR —L S cosg;
O(Rp— 5; D cosdj) = 27r7j/dRRe NRr(Rr=gy 225 c050),

the partition function Z is expressed as

N
Z = Trexp[—-pH|=Tr exp[ﬁ;(JoR2 + 1R%) — g(Jo + J1)]
6
— 5o+ (N> /dReNG’
271
G = Go+ Gy,
Gy = g(J0R2 + JlR%)
—(RrRR + RiR; 4+ R.rRer + RerRer + RspRsr + R Rap),
NG exp[z 1n/dqz5j exp{A; cos ¢; + Bjcos ¢;}],
J
A = ]%R—I-RcRcosej—i—RsRsinHj,
B, = R[+RC[COSHj+R3[SiH6j,

Tr = /d¢ _ dgudes - ddy.
dR = dRrdRpdR;dR;dR.rdR.gdRe.ydReydRspd Rspd RsydRs;.

1
Here, we put g = T and T is ‘temperature’. Under optimal conditions of G with respect to

Rpg, Ry, and so forth, we obtain

Rp = BJoRr, Ry = BJoRy,

R.r = J1Rcr, Rer = J1Rer, Rsp = J1Rsr, Ror = J1 Ry

Thus, Gy is expressed as

Go = —g(JOR%rJlR%).

By introducing C; and qﬁ? as
Ajcos ¢ + Bjsing; = Cjcos(¢p; — gb?),

Cj =/ A2+ B2, Cjcos¢) = Aj,Cysin¢) = B,

(1 is now expressed by

1 . 1 . .
G, = NZln/d¢jeAj cos ¢;+B; sing; _ NZln/d¢jeCJ cos(¢;—43)
j J

1 1 2w
= NZID{27rIo(BE(0))}=2/O doIn{2x Iy (B2(6))},

s

(10)



4 Tatsuya UEzZU

where I,(z) and Z(6;) are defined by

1 21

In(z) = o i d¢ cosng e <=9, (11)

A ,
=0) = [+

= [{J()RR + J1 (RcR Ccos 9j + Rspsin (9j)}2
+{JoRr + Ji (Rer cos O + Ryrsin6;)}2]Y/2. (12)

By introducing ©, = 0, — © and 6, = O, — O, =(0) is further rewritten as

207 =
(JoR)? + JH{(R.cos0)? + (Rssin )% 4+ 2R.R, cos(©, — O,) sin A cos }
+2JoJ1 R{ R, cos O, cosf + R, cos O sin 0}. (13)

The free energy f per spin is expressed by

f= —Bivan _ —;NG. (14)

Therefore, G and f depend only on R, R., Ry, O., and O,.

2.1 Jo>0,J1 =0, the case of ferromagnetic interactions

In this case, Z(f) and f are expressed by

=) = JR (15)
1 1
f o= 5J()R? ~3 In{271y (BJoR)), (16)
and SPE becomes
L (BJR)
R = ——=. 17
Io(BJoR) 17)
It turns out that this is the stable U solution in which R > 0 and R; = 0. The critical temperature
is given by
Ji
Toe = 30 (18)
§3. Case of Jy=0and J; >0
=(0) and f are given by
20) = J \/(RC cos0)2 + (R, sin0)2 + 2R, R, cos O sin 0 cos 6, (19)

27
fo= ghB- o /O 0 {2y (52(0))}, (20)
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where © = O, — 6. f depends only on R, Rs, and ©. From the optimal condition of f with

respect to é), we obtain

1 [ L(BE)1 oA
— df —~ —ginfcosfsin©® = 0. 21
27 Jo Iy(B=E) = (21)

The following two cases are deduced under this condition:

Case1  sin®=0, (22)
i 27 J Il (,BE) i
or Jo  I(BE)E

In the following, we study these cases separately.

Case 2

sinf cosf = 0. (23)

3.1 Case 1

From the condition sin © = 0, © = 0 and 7 follow in mod 2. Thus, we have the equation

2 (™% L(BJiR; cosh)
R = = do
! /0 Iy(BJ1 Ry cos ) ¢

T
It turns out that this is the equation for an unstable solution, because simulation results do not

0s 6. (24)

agree with the solution of this equation.

3.2 Case 2
We change the integration range from [0,27n] to [—m, 7] for convenience in eq. (23). The
necessary and sufficient condition for eq. (23) is that the Fourier series expansion of the integrand

does not contain the term sin(26). That is, the condition is

R.Rscos© = 0. (25)
This implies
é:igor}za:o, or Ry = 0. (26)
The SPEs become
2(0) = J1Z(6), (27)
2(0) = \/Rg cos? 0 + R2sin? 0, (28)
1 (™ T )1
R, = R / gL BNEN L 2 ) (29)
T Jo Iy(BJLE)E
1 [ L(BJ1E)1
R, = R / dpLBNE) L o) (30)
™ Jo IO(BJL:'):'

Let us consider three cases separately.
Case of © = +5

Let us define 6, as

R1 COS(90 = RC, R1 sin 90 = Rs, 0 S 90 S g (31)
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Then, defining =(6) = /1 + cos(26p) cos(26), we have

20) = \%%l T cos(20y) cos(20) — R;E(Q). (32)
Under the optimal condition of f with respect to 8y, we obtain
2w =
L daﬁleli;(— sin 26 cos 26) L(s JlRl:/ V2 _y, (33)
27 Jo V2E Ip(BJ1R1E/V?2)

Thus, the necessary and sufficient condition for this is sin 26y = 0 or the coefficient of cos 26 in =

is 0. Therefore,
sin 26y = 0 or cos 26y = 0. (34)

When sin 26y = 0, fp = 0 or § follows. Then, R. = R1, Rs = 0, or Ry = Ry, R. = 0 follows. When
cos 20y = 0, Oy = 7 follows, and we obtain R, = R = %Rl.
Case of R. =0, 0or R, =0

This case already appears in the previous case.

Therefore, the possible solutions for case 2 are (R, = Rj,Rs = 0) or (Rs = Ry, R. = 0) or
(Re=Rs = %Rl)'

For the case of (R. = R1,Rs = 0) or (Rs = Ry, R. = 0), the SPE turns out to be the same as
in case 1, eq. (24).

For the last case, R, = Ry = —= Ry, the SPE is

V2
1 L(BJ1R,)
R, — . 35
2 Iy(BJ1R.) (35)
The critical temperature is given by
J
T, = Zl' (36)

Numerical results. We performed MCMC simulations. In Fig. 1, we display the theoretical
and simulation results for Jy = 0 and J; = 1. The agreement between the theoretical result (eq.
(35)) and simulation result is good. That is, eq. (35) is the SPE of the stable S solution in which
R=0and Ry > 0.
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Fig. 1. Temperature dependences of order parameters. N = 10000. Curves: theory, eq. (35). Symbols: simulation.

(a) Solid curve and +: R. Dashed curve and x: R;. (b) Solid curve denotes R. and Rs. +: R., x: R,0 Vertical
lines are error bars.

§4. Case of JyJ; #0

The optimal conditions of f with respect to ©. and O, are given by
of

- = 0: 37
26, (37)
L[ L(BE)1, oA~

o ; deIg(ﬁE) = [—JiR:Rssin(O. — O) sinf cos 0
—JoJ1 RR, sin ©, cos =0 (38)
oF _ . (39)
00,

21 fom
i d@II(ﬁ:)
21 Jo Io(BZ)
—JoJ1RR,sin ©,sin 6] = 0. (40)

1 - -
=[JiRcRysin(©. — O,) sin f cos §

By adding eqgs. (38) and (40), we obtain

T L(BE) 1 ~ ~
R/ do —~—(R.sinO.cosf + RssinOgsinf) = 0. (41)
0 Ih(B=) =2

Defining R and 0 as

R.sin©,cosf + Ry sin Ogsinf = Rcos(@ - 0), (42)
Rcosf = R, Sin(:)c7 Rsinf = R, sin(:)s7 (43)
R= \/(RC sin (:)c)2 + (Rssin (:)S)Q, (44)

we obtain

_ [P L(BE) 1 a5y
R/O dOIO(BE) = cos(f — 6) = 0. (45)
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We define 0" = g —(0—0) and Z(0') = Z(0 + g — ¢'). Thus, by changing the integral range from
[0,27] to [—m, 7], eq. (45) reduces to
= (™ L(BEH) 1
R/ dQM; sinf = 0. (46)
—= 1o(BE(0)) E(9)

Below, firstly, we consider the case of R = 0 and then the case of R=0.

4.1 Solutions for R # 0
The necessary and sufficient condition for eq. (46) is that Z(#) does not have the term sin .

Since Z(0)? is rewritten as

=(0)? =
[JoR + }]% (R, cos O.sin O, + R, cos O sin és) sinf — R.R, sin((:)c — (:)8) cos 0}
+J2R%sin? 4, (47)
the condition is
R.sin 20, + R,sin20, = 0. (48)

Thus, the necessary and sufficient condition for eq. (48) is as follows:
(1) Case of R.Rs # 0.
sin20, = 0 and sin 20, = 0.

That is,
(6. = (O,ig,w) (mod 27)} and {6, = (0, j:g,w) ( mod 27)}.

Hereafter, we omit ‘mod 27’ for simplicity.
(2) Case of R, = 0.

Ry # 0 and {0, = (O,j:g,w)}.
(3) Case of R; = 0.
R.#0and {6, = (O,j:g,w)}.

Now, let us find the solution in each case. To simplify the descriptions, we introduce the following

notations:
17 L(5E0) 1
wo) = 5o Wz 50 (49)
200) = z(é+g—9)

2
= \/(JOR — 1%11?0}3S Sin(C:)c — (:)S) cos 9) + J%RQ sin? 6. (50)
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Thus, egs. (38) and (40) become
(=J?R.R,sin(6, — ©,)sin2(6 — 0) — 2J9Jy RR..sin O, sin( — )) = 0, (51)
(J2R.R,sin(O, — O,)sin(20 — ) — 2.JoJ1 RR, sin O cos(f — 6)) = 0. (52)
These equations (51) and (52) reduce to the same equation as
J2R.R,sin(6, — O,)sin(20)(cos(26))
—FJQ%J()JlRRc sin O, R, sin (:)S<cos 0) = 0. (53)

Here, we summarize the results of analysis of eq. (53). See Appendix A.1 for the derivation.

Solution 1. Case of (O, 0,) = (£5,£5)

E(Q) = \/(J()R)2 + (JlRl sin (9)2, (54)
f = 1(J R? 4+ J1R?) — 12 /W/2 dfIn{27Iy(BE())} (55)

— 2 0 1401 BW 0 0\M= )

2 (™2 1(BE)1
R = RJy- d9 —2
ol 105 E’ 0
_ 2 Li(B é)l . 9

Rl = RlJlﬂ'/O do IO(B )é S1n (9) (57)

From numerical results, this solution turns out to be the stable Pn solution.

Solution 2. Case of (6., 0,) = (0, %) and solution 3. Case of (6,,0,) = (0, -3)

Z(0) = +/(JoR+ JiR.cos0)2 + (J R, sinf)2. (58)

When R = 0, this solution gives the spinning solution of Jy = 0.
Solution 40 Case of (O, 0,) = (5,0) and solution 500 Case of (O,0,) = (—3,0)

R=R.0=0, (59)
0) = +/(JoR— JiRscos0)? + (J1R.sin6)2. (60)

[1]x

If we put § = 7/2 — @', we have Z(¢') = Z(n/2 — ') = /(JoR — JiRssin0)2 + (J; R..cos 0')2.
Then, when R = 0, this gives the spinning solution of Jy = 0.

These solutions except for solution 1 are unstable, which we will investigate later.

The solutions for the case of R = 0 are derived from the solutions for the case of R # 0. See

Appendix A.2.

4.2 Analysis of SPEs (56) and (57), stable Pn solution

In this section, we analyze solution 1, which is the stable Pn solution.



10 Tatsuya UEZU

4.2.1 Phase transition points

SPEs are
2 (™2 L(BE)1
R = RJO/ df 1(’6;)3 (61)
T Jo Ig(ﬁ:):
2 L(BZ) 1
R, = R1J1/ df M;); sin? 6, (62)
™ Jo Ih(BE) E
= = V(JoR)2+ (JiRysin6)2. (63)
When R < 1 and Ry < 1, 2 < 1 follows, and then we have
27
—_ 1 —_
) = 5 [ e (14 sBeosok J(BD eos ol ) =14 2R (68
= 1o = =12 AL
L(BE) =~ o d¢ cos ¢ 1+Bacos¢+f(ﬁz) (cosp)” | = =B=, (65)
™ Jo 2 2
I 1 -
— =~ —fB=. 66
n T (66)
Thus, SPEs become
2 (™2 1 1
R =~ RJ()* d@*,@:RJO*ﬁ. (67)
™ Jo 2 2
2 [T 1, 1
Rl >~ R1J1* dQ*BSIH (0) = R1J1*,B. (68)
m™Jo 2 4
Therefore, we derive
Ji
To.c 50 (69)
J
e =7 (70)

The former is the critical temperature for the U solution and the latter is that for the S solution.

4.2.2 SPEs forT — 0
When T'< 1 ( > 1), we have

- 1 1 o = 1,2 1 21T 5=
= — 8= cos¢> ,8:(1—4{) ) — 8=

Iy(B=Z) o | dgzb . /_Oo doe 2 27 / —ée , (71)
= 1 E cos 1 > =(1-1 =

L(BE) = o | d(bcos peP=cosd ~ o /_OO depe” (1-39%) Iy(BE). (72)

Therefore, ?Egé; ~ 1 follows. Thus, the SPEs are

12

2 (72
R ~ RJZ / oL, (73)
m™Jo =)
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Let us define

J1 Ry Ry
k = =J—,
JoR R’
J1
J = —.
Jo

Then, = = JyR\/1 + k2 sin? 6 follows. Thus, we have

w/2
R 2/ do !

\/1+l<:281n2¢97
2 [7/? 1
kt/ dd———— sin?0.
T Jo V1 + k2sin?6

4.2.8  Appearance of Pn solution when T — 0

12

Ry

12

Let us assume 0 < k < 1. Then, we have

R

12

/ W /d9<1‘smg>

k? 1 3k
“ 1 — 2 gin2 — (= _ 2
Ry kﬂ/o d9< 5 Sin 6) sin 6 = k(2 16)

By using R; = kR/J, we obtain

12

J
b= 53
R kR 2V2V/J =2
LT T (37—
2o 8(J-2)
3J—4°

k‘2

11

(75)

(76)

(81)
(82)

(83)

Therefore, the Pn solution emerges for J > 2, that is, for J; > 2Jy. From this analysis, it turns

out that the Pn solution bifurcates from the U solution.

4.2.4 Appearance of Pn solution at finite temperatures

Let us assume R > 0 and Ry < 1. Then, k < 1 follows. Since = is expressed as

[1]x

1
=  JoRV1+ k2sin? :%Ra+§ﬁg&m,
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we have
_ 1 27 - 1 2m 1 .
IO(BE) - d¢eﬁ:cosq§ ~ / d¢eﬁJchos¢eﬁJoR§k’2 sin2 6 cos ¢
27’[’ 0 27T 0
1 o BJoR cos ¢ 1 2 2
~ dgpel’° (1+ BJoR=k”sin” 6 cos ¢)
27T 0 2
1
= Iy(BJoR) + BJ0R§k2 sin? 01, (BJoR) (85)
- 1 .
L(BE) ~ L(BJR)+ BJOR§k2 sin? 0I5(BJoR), (86)
IQ(ﬁE) IO(,BJ()R) + O(k}2) B Io(ﬁjoR)

Therefore, the SPE for R becomes

N 2 (™2 L(BE)1 1 K2,
2 (" L(BJR) L(BLR)
- 7T/O QIO(@UOR) -~ L(BJoR)’ (88)

This is the equation for R when J; = 0, that is, this is the equation for the U solution. The

equation for R; is

2 (™% 1(BE) 1 2 (™% (8= 2
R = R1J1/ o l(ﬁ;);sm?(e)):k/ do 1(6;)(1—k—sin20)
™ Jo I(BE) = ™ Jo 1o(BE) 2
2 [™? T1(8JoR) kR
~ k:/ d9—"""Csin? 0 = ——. 89
T Jo Io(BJoR) 2 (89)
Therefore, we have
p _ KR_JLRIR LR
VT 2 T LR 2 T 20
J1
1 = L
2Jo’
J1
J. = == . 90
<J0>c %0)

Thus, it turns out that the Pn solution bifurcates from the U solution at J. = 2 in the finite

temperature as well.

4.2.5 Numerical results
In Fig. 2, we display the temperature dependences of order parameters for Jy = 1 and J; = 2.1.
Theoretical results are obtained by numerically solving the SPEs (56) and (57) for the Pn solution,

and the SPE (35) for the S solution. The theoretical and numerical results agree well.
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Fig. 2. Temperature dependences of order parameters. Curves: theory; eq. (35) for the U solution and egs. (56) and
(57) for the Pn solution. Symbols: Monte Carlo simulation (N = 10000). Solid curve and +: R. Dashed curve
and x: Ri01In (a) and (b), theoretical results for the S and Pn solutions are depicted. Symbols: (a) Pn solution
(R>0,R1 > 0), (b) S solution (R =0,R1 > 0). In (a), since the Pn solution disappears at higher temperatures,
the S solution is numerically obtained at those temperatures.
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Fig. 3. (a) phase diagram of the scaled parameter space. Curves: theory. Symbols: Monte Carlo simulation. The
vertical line is the parameter shown in (b). (b) 8J1 dependences of order parameters in the XY model. 8Jy = 4.
Solid curves: stable solutions; dashed curves: unstable solutions with superscript U, e.g., SU.
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§5. Determination of Phase Boundaries of Bistable Regions

In this section, we study the boundaries of several phases in (Jy, J1) space. We showed that
the boundary between the U and Pn phases is given by J; = 2Jp in the previous section. In this
section, we study the boundary between the S and U phases and that between the Pn and S phases.

5.1 Boundary between the S and U phases

As noted in Ref. 7, when §J; is reduced by fixing 8Jy to 4, an unstable Pn solution and a
stable S solution merge, and an unstable S solution appears. See Fig. 3(b). At the parameter
where the stable U solution disappears, the R of the Pn solution is 0, and the R; values of the Pn
and S solutions are the same. Before and after the disappearance of the stable S solution, there
exists a stable U solution. Thus, the boundary between the S and U solutions is where the stable
S solution disappears. Solutions 2 and 4 for the Pn solution coincide when R. = Rs, and these
solutions give the spinning solutions when R = 0. Therefore, it is considered that solution 2 is the
unstable Pn solution. We do not assume R. = R, but it is proved that this relation holds at the

boundary. The quantities we treat are

1 11 (7™ -
f = S(JoR*+ R} ——— [ doln{2rIo(BZ(0))}, (91)
2 /871' 0
2(0) = +/(JoR+ JiRccos0)2 + (JiRssinf)2. (92)
The SPEs are
R = (JoR+ JiR.cosb), (93)
R. = ((JoR+ JiR.cosf)cos®), (94)
Ry = JiR,(sin?6), (95)
1 (™ L(B= 1
O (96)
mJo  Io(B=(9)) E(0)
1 2w
I(z) = — / doe® <9 cos(ne). (97)
2T 0
Assuming R < 1, the Taylor expansion of Z(#) up to O(R) becomes
- ~ JoR. cosf
20) ~ JiZ0)(1+ 22T R) 98
0) = HE(0)(1+ DT R) (98)

Z0(0) = +/(Recosh)? + (R,sinf)2. (99)
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Therefore, Iy and I; are expressed as

~ 1 2T =
Io(62(0)) =~ dpelI1E0(0) cosé (1 n

o ),

- - .cos

— L(BREO) + (ﬂJlaow»W(gfs
=o

1 [2m = BJoR.cos b
1 dpePl1=o@)cos¢ (1 L PO B osd) cos
2r 0 ¢ ( EO (9) ¢)> d)

= L(BJiZ0(0)) + %(Io(ﬁefléo(m) + —72(5J1§0(9))>

BJyR. cos b

= 0) R cos gb)

)

oy

=
[1]:

=
12

JoR. cos 0
I} 0; cos R
Eo(0)
Thus, the SPEs are

=
12

JoR(1)o + J1R.(cos8), (100)
JoR(cos 8)g + Ji Rc(cos?8), (101)
J1R(sin?6), (102)

1 Li(BJ1E0(0)) 1
(Ao = /0 N (B 7E0(0) 7E0(0)

Since (cosf)y = 0, taking the limit R — 0 in egs. (101) and (102), (cos? )y = (sin?@)q follows

L
R

(103)

[113] [1]:

exactly when R.Rs # 0. This implies R, = R at the phase boundary. Thus, we have the following

relations:
. Ry
Z0(0) = R.=—,
0( ) \/i
=2(0) ~ JiR.+ JoRcos#,
Io(B2(0)) ~ Io(JiR.) + Ii(JiR.)JoRcos®,
- _ 1 _ _ _
L(BE(0) = L(hR)+ 3 (Io(Jch) n IQ(J1R6)>J0RCOS«9,
_ _ 1({ Io(JiR)+I2(JiRe) \ 7
LEE6) | RGAR) M 3(MRGR ) JoRcoss
Io(B=(0)) Io(J1R.) 1+j0300892§§£3
Il(lec) Io(lec>—|—[2(j1Rc) Il(lec) -
~ = 1 = — = JoR cos 8],
Io( 1Rc)[ ( 21, (J1 R.) Io(Jch)) 0 )
1 1 1 JoR
= ~ ~ 1-— cosf),
=(0) J1Re(1+ 4oE cosf) Jch( JiR. )
L(BE@M) 1 L(hR:) 1
L(BEO)20) —  Io(J1Re) JiR.
Io(lec) + Ig(leC) Il(lec) 1 =
X1+ ( Sh(hiR)  Io(hiRo) TR, Tofcos]
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Here, we put .J,, = 3.J,,. By using these relations, (cos#) is expressed as

1 (™ NL(BE®B) 1
(cosf) = / dGM; cos 6
mJo  Io(BE(0)) 2(0)
o ™ Jo Io( 71Rc) JlRC
Io(JiR:) + Ir(J1R.)  ©i(J1R.) . 9
X 0 = — = — = JoR 0
eont+ (55 G hiR) ~ ) et
Il(JERc) 1 (Io(J1RC) —I:IQ(J;[RC) B Il(,]_ch) _ _1 )j R
210(1 R.) J1Re 21, (J1 Re) Io(hiR.) 1 R.)°
Below, we put I,, = I,,(J1 R.). Equation (100) becomes
I_l I_l 1 I_O + I_Q [_1 1 -
R ~ JyR —+JiIRe——(—— — = — = JoR
OJmJﬁ'12hL&<2h Io Am)o
- jl fl jo + jg fl 1 -
= JR———+ — — — = — = JoR. 104
Y LRI, 2h( of, I Jﬁ%) 0 (104)
Therefore, the following relation holds at the boundary:
= jl jl jo + jg fl 1 =
1 = Jy—— — — — — — = Jo. 105
" T R.I MJ o, I Lm)o (105)
On the other hand, at the boundary, eq. (101) becomes
1 = Ji(cos? )
1 /™ L 1 5 L 1 I 1
= Ji— do— 0=J1— == .
IWA To LR, < ‘T 27iR, ~ Ip2R.
Therefore, we obtain
I
R, = —. 106
oL (106)

This is nothing but the equation for the stable S solution. Thus, eq. (105) becomes

= 2 jo—{—fg jl 1 -
1= s+ R(L2 - -

0J1 + 2Il IO Jch 0
Ji I+ I\ -
Jo Rc( ot l _Q) .
Jl 2Il IO

Therefore, the equation which determines the boundary between the S and U phases is given by

21 Iy

_ 1 Rc(fo + I 1:1)]_1 0 1 n (I_o;}l[_z ;(1))1:1]—1_

T = = — = 107
’ 7 T 21, (107)
5.2  Boundary between the S and Pn phases
As studied in Ref. 7, when (§J; is increased by fixing 8Jy to 4, a stable Pn solution and an
unstable Pn solution merge and only the unstable Pn solution remains. See Fig. 3(b). At the

parameter where the stable Pn solution disappears, R. = 0 holds. The unstable Pn solution is
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solution 2 and it coincides with solution 1 when R, = 0. Therefore, the boundary between the S

and Pn phases is where R, becomes 0 for solution 2. Assuming R. < 1 in solution 2, the Taylor

expansion of Z(f) = Z up to O(R,) is

2(0) = \/(J_OR + J1Rccos0)2 + (J; Ry sin 6)2

o~ \/(joR)2 (J1Rssin6)2 + 2JyJ1 RR. cos 6
0<1 JoJ1RR, cos@)7

=2
=0
Z06) = /(JoR)? + (JiRysin0)>.
Therefore, Iy and I; are expressed as
- 1 [ 2 JoJ1 R cos 6
L(E(0) =~ — [ dpe=?(1+ 25— R,
oBO) = g [ docet (14 B R cos o)
0
A JonRcos R.I.
Zo(0)
A JoJ 0 I+ 13
nEO) ~ Il hEh
Z0(0) 2
nEO) 1 L1
Io(2(0)) =(0) 15 =
Ir+15 Iy 1
1 R S T
x| +< o It EO)_OJOJIRR cos 0.
Here, we put [} = In(éo). Therefore, the SPE for R., eq. (94), is
1™ L(E®) 1 - _
R, = / dQM; (JoR+ JiR.cosf)cosé
mJo  Io(E(0)) E(9)

L[l
mJo Iy =
x[1+ (Io + 13 _ Iil _ i) JoJ1 RR, cos@](JoR—i— J1R. cos @) cos 6.
2‘[;( I(T 20 :0

Since the integration of odd power of cos @ is 0, we obtain

1 1
R. =~ / d0
T 0 IO:'O

_ L+ 1
xﬁ&ﬂ+(0+2—~i——0 (JoR)? cos? 6.

2I7 Iy =072
Therefore, the boundary between the S and Pn phases is determined by

1 1 - I+ 1y I 1
= 2w L (0 2-£——J 29,
- /0 I = J 1+ o0 Iz (JoR)?] cos
On the other hand, the SPEs for R, eq. , and RS, eq (95), at the boundary are
1 = Jo/ d9 FE
Io =0

1
1 = Jl/ dH
™ Jo Io~o

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)
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These are the SPEs for solution 1 of the Pn phase.

5.8  Numerical results

We display the phase diagram in the scaled parameter space in Fig. 3(a). There are five curves
in the figure, and these curves represent theoretical results. Those are 5Jy = 2, eq. (18) for the
boundary between the P and U phases, 8J; = 4, eq. (36) for that between the P and S phases,
J1 = 2Jo, eq. (90) for that between the U and Pn phases, eq. (107) for that between the U and S
phases, and eq. (114) for that between the S and Pn phases. The theoretical and numerical results

agree well.

§6. Summary and Discussion

In this paper, we studied the XY model on a circle with the Mexican-hat type interaction. The
interaction is composed of two terms, one of which is the uniform interaction with the strength
Jo, and the other is the sinusoidal interaction with respect to the location 6 of oscillators with the
strength Ji. If J; = 0, it is the ferromagnetic XY model. The order parameters that characterize
solutions of SPEs are R and R;. The SPEs for the XY model were obtained analytically. There
are four phases. The paramagnetic phase with R = 0 and R; = 0 is the disordered phase. In the
uniform phase with R > 0 and R; = 0, the phases of the XY spins do not depend on the location
of spins. In the spinning phase with R = 0 and R; > 0, the phases of the XY spins change by 27
when the coordinate of spin 6 changes by 27. In the pendulum phase with R > 0 and R; > 0, the
phases do not change by 27 but fluctuate when the coordinate of spins 6 changes by 2.

The SPEs and the differences between the phases of complex order parameters were derived
analytically. We proved that the Pn solution bifurcates from the U solution at J; = 2Jy and found
that the coexisting stable nontrivial solutions are the U and S solutions, and the S and Pn solutions.
Finally, we derived the boundary between the S and U phases, and that between the S and Pn
phases.

In the present study, we considered the first two Fourier components as the interaction compo-
nents. How the existing phases and phase transitions depend on the types of the interaction is an
interesting question. The XY model in which the interaction is composed of the first and second
Fourier components is now under investigation, and different types of phases and phase transitions
are found. These results will be reported elsewhere.

In the context of the synchronization - desynchronization phase transition, the phase oscil-
lator network has been investigated extensively since Kuramoto introduced the globally coupled
model.2 48712 In general, the phase oscillator model with uniform natural frequency coincides with
the classical XY model at zero temperature, if the interactions in both models are the same. We
are now studying the phase oscillator network model with the Mexican-hat type interaction and

clarifying the resemblance of both models. These results will be reported in the future.
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Appendix: Derivation of SPEs
A.1  Case of R#0
(1) Case of R.Rs # 0

Solution 1. Case of ©, = —4 and 0, = 5

From eqgs. (42) — (44), we obtain

Rcosf = —R,, Rsinf = R, (A1)
R=R, = /R?+ R2, (A-2)
2(0) = +/(JoR)?+ (JiRysin6)2. (A-3)
Therefore, we obtain
1 12 [m/2 -
2 2 =
f = =(JOR"+ 1iR})— <— df In{27Iy(B=(9))}. (A-4)
2 B Jo
Since (cos#) = 0, eq. (53) is automatically satisfied. The SPEs are
2 (™% L(B2) 1
R = RJO/ o 1(ﬁ;)z, (A-5)
™ Jo Iy(B=E) =
2 (™2 L(BE) 1
Ry = RiJi- / L ;) = sin?(6). (A-6)
™ Jo Iy(BE) E

The solution for these equations agrees with numerical results. For the following cases of
(é67 é8)7

™ W)’(z7_

57 5 9 (A'7)

(éc,és} = (

|
~—
—
|

\

|
2o |

SN—

[1]x

is the same as eq. (A-3). Therefore, the SPEs for these cases are the same as (A-5) and
(A-6).
For the following cases of (0., 0,),

(éc,(:DS) = (an)v (71',71‘), (Oaﬂ-% (71-70)7 (AS)

from eq. (44), R = 0 follows, and these cases are excluded.
Solution 2. Case of (O, 0,) = (0, 5)
From eq. (44), R = R, follows. From eq. (43), we obtain R, cosf = 0, Rysinf = R,. That is,

0 = 5 follows. Therefore, we obtain

R:Rs,ézg, (A-9)

2(0) = +/(JoR+ JiRccos0)2 + (J1Rssinf)2. (A-10)

Thus, eq. (53) is automatically satisfied.
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When R = 0, this solution gives the spinning solution of Jy = 0.

Solution 3 (= solution2). Case of (6., ;) = (0, -%)

From eq. (44), R = R, follows. From eq. (43), we obtain Rscosf = 0, Rgsinf = —Rs. That
is, 6 = — 5 follows. Therefore, we obtain

R:Rs,éz—g, (A-11)

) = +/(JoR— JiR.cosf)? + (JiR,sin6)2. (A-12)

[1]:

Thus, eq. (53) is automatically satisfied. If we put 6/ = m — 6, this case coincides with the case
of (6,,0,) = (0, 5)-

Solution 40 Case of (6., ;) = (Z,0)

From eq. (44), R = R, follows. From eq. (43), we obtain R, cos0 = R., R.sinf = 0. That is,

6 = 0 follows. Therefore, we obtain

R=R.0=0, (A-13)
2(0) = /(JoR— JiRscos0)? + (J1R.sinf)2. (A-14)

Thus, eq. (53) is automatically satisfied. If we put § = 7/2—6¢', we have 2(¢') = Z(n/2—0') =
\/(JOR — JiRssin6')? + (J1R. cos0')%. Then, when R = 0, this gives the spinning solution of
Jo = 0.

Solution 5 (=solution 4). Case of (6., ;) = (—Z,0)

From eqs. (43) and (44), R = —R. and 6 = 7 follow. Therefore, we have

R=—-R.0=m, (A-15)
2(0) = +/(JoR+ JiRscos0)? + (JyR.sinf)2., (A-16)

Thus, eq. (53) is automatically satisfied. Putting §’ = 7 — 0, we note that this case coincides
with the case of (8., 0;) = (Z,0).

Case of R, =0

From eq. (44), R = | Rs sin (:)s] follows. Therefore, for O, = (0,£5,7), R becomes (0, Ry, 0),
respectively. Thus, we obtain O, = +7, and from eq. (43), Rs sinf = R,sin ©4 = + R, follows.

Thus, we obtain 6 = +3. Since we have

=(0) = +/(JoR)?+ (JiR,sinf)2, (A-17)

the present solution coincides with the solution obtained by putting R. = 0 in solutions 2 and
3.

Case of R =0

From eq. (44), R = |R.sin©,] follows. Therefore, for O, = (0,£5,7), R becomes (0, R.,0),
respectively. Thus, we obtain O, = +7, and from eq. (43), R, cosf = R,sin O, = £R, follows.
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Thus, we obtain § = 0, 7. Since we have

vV (JoR)2 + (J1R.sin )2,

21

(A-18)

the present solution coincides with the solution obtained by putting Rs = 0 in solutions 4 and

5.

Therefore, for R # 0, solutions other than solution 1 are

<~ c é8) =
(éa é8) =

7T
0. —
(72
(07—

)7 RZRS?

2(0) = /(JoR — J1R.cos 0)2 + (J R, sin 6)2

and the solution with R. = 0 in this solution, and the solution

)_2
)

_(I,O), =0

= (—E,O), 9277

2(0) = \/(JoR — JiRscos0)? + (J1R.sinh)2,

and the solution with Ry = 0 in this solution.

A.2 Case of R=0

The conditions are

R.sin (:)c =0 and R, sin C:)s =0.

Therefore, from eq. (13), we obtain

2(0) = |JoR+ Ji(R.cos©O,cosb + RycosOsinb)|.

From the conditions, we have

{R; =0, or O, =0, or(:)czw}

and

{Ry=0, or O, =0, or

Therefore, we obtain the following cases:

©

(

(2) R.=0,0, =0,— Z(0) = |JoR + JiR;sinf|, (R, = R),
(3) Re=0,0, =m,— Z(0) = |[JoR — J1Rysinb|, (R, = R,),
(4) Ry =0,0.=0,—,2(0) = |JoR + J1 Ry cosb|, (R, = R.)
(5) Rs=0,0,=m,— Z(0) = |JoR — JiRy1cosb|, (R; = R,)

(A-19)
(A-20)
(A-21)

(A-22)
(A-23)
(A-24)

(A-25)
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(6) O, =0,0, =0,— Z() = |JoR + J1(R.cosf + Ry sin )],
(7) ©.=0,0, =7, — Z(0) = |JoR + Ji(R.cos§ — Rysin )],
(8) ©.=m,0,=0,— Z() = |JoR — Ji(R.cosf — Rysinb)|,
(9) O, =7,0, =, — Z(0) = [JoR — Ji(Re.cosf + Rysinb)|.
f is given by
1 5 o L1 7 _
= Z(JoR*+ 1R?) — =— [ dOIn{2nIy(B=(0))}. (A-26)
2 B27T 0

By the coordinate transformations, such as = ¢ + 7,0 = T_ ¢', and ¢ = 6 + 6, and their
combinations, cases (3) to (9) become the same as case (2). Here, we define R, = Rj cosf and
R, = Ry sinf for cases (6) to (9). Furthermore, case 2 coincides with solutions 2 and 3 of R # 0
with Ry = 0, and it also coincides with the solutions 4 and 5 of R # 0 when R, = 0. Therefore,

solutions for the case of R = 0 are derived from the solutions for the case of R # 0.
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