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Abstract

We study a phase oscillator network on a circle with an infinite-range interaction. Firstly, we
treat the Mexican-hat interaction with the zero-th and first Fourier components. We give detailed
derivations of the auxiliary equations for the phases and self-consistent equations for the amplitudes.
We solve these equations and characterize the non-trivial solutions in terms of order parameters
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the bifurcation structures in detail. Expressions for location-dependent resultant frequencies and
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I. INTRODUCTION

Synchronization phenomena are ubiquitous in nature, and they are very important to
living organisms. Typical examples include the simultaneous emission of light by fireflies,
the rhythm of the heart composed of a population of cardiac muscle cells, and circadian

rhythms [1, 2].

Pioneering studies on such behavior were done by Winfree [3] and Kuramoto [4]. In
particular, Kuramoto regarded synchronization as a phase transition and devised a model
in which synchronization occurs as a phase transition in a non-equilibrium system. In
general, when nonlinear dynamical systems with stable limit cycle oscillators are weakly
coupled, the whole system can be described in terms of the phases of the oscillators, and the
dynamical equation reduces to the evolution equation for phases [4]. Kuramoto proposed the
so-called Kuramoto model, which is a coupled phase oscillator network. He found that the
synchronization - desynchronization phase transition takes place when the system parameter
reaches a certain value and derived an analytic expression for the critical point [5]. Since
Kuramoto’s analysis of globally coupled oscillators, oscillator networks with both short-
range and intermediate-range interactions have been studied [6]. Oscillators with global
and random interactions [7] and with sparse and random interactions [8] have also been
studied. Moreover, a number of studies have analyzed the stability of the stationary states
[9-11]. Many of these studies use the Fokker-Planck equation to derive a phase distribution
density function with or without external noise. In particular, Otto and Antonsen derived
evolution equations for the order parameters by assuming a special form for the Fourier
components of the phase distribution density function [12]. Since this study, many studies
have been published on the dynamical behavior of order parameters [13, 14]. One of the
interesting findings is the so-called Chimera state, in which some fraction of the oscillators
are perfectly synchronized while the remainder are desynchronized [15-17]. Another topic
on general coupled oscillator networks is noise-induced synchronization. It has been found
that two identical nonlinear oscillators synchronize in the presence of common external
Gaussian noise [18]. This findings of this study has been extended to include systems with
common and oscillator dependent noise [19, 20], noise in the form of random impulses [21],
and common noise consisting of only two values [22]. A review of the Kuramoto model

and its extensions is available elsewhere [23]. There have also been extensive studies on

2



the statistical and dynamical properties of the mean-field XY model (HMF XY model) of
conservative dynamical systems that are related to oscillator network models of dissipative
dynamical systems [24, 25].

In our previous study [26], we investigated global coupled phase oscillators arranged on a
circle. The interaction between two elements depended on their distance. In particular, we
studied the Mexican-hat interaction, which is used in neuroscience studies to model feature
extraction cells in the visual cortex and embodies the property that a firing cell excites
nearby cells and inhibits distant cells [27]. The interaction is composed of the zero-th and
first Fourier components. We proposed a method to derive auxiliary equations that enable
us to determine the phases of three complex order parameters completely. By using these
phases, we obtained expressions for the self-consistent equations (SCEs) of the amplitude of
the order parameters and equations for the boundaries of the bistable regions. We performed
numerical simulations and found that they agreed quite well with the theoretical results.

In this study, firstly, we treat the interaction with the zero-th and first Fourier compo-
nents. We call the Mexican-hat interaction model 1. This model was studied previously. In
this paper, we give a derivation of the auxiliary equations for the phases and self-consistent
equations for the amplitudes, solve these equations, and derive the boundaries of the bistable
regions. We obtain three non-trivial solutions that are characterized by the order parameters
and the rotation numbers of the synchronized oscillators. We draw the phase diagram by
using formulae for the phase boundaries derived using the unstable Pendulum (Pn) solution.
We find that disappearance of coexistent regions between the U and S solutions and between
the Pn and S solutions is due to the unstable solution and the stable solution annihilating
each other. This is a new type of transition that does not exist in the Kuramoto model. We
also analytically derive the location-dependent distribution of the resultant frequencies and
entrained phases and validate the theoretical results by simulation, except for the chaotic
behavior of the desynchronized oscillators. Secondly, we treat a different interaction with
the m-th and n-th Fourier components, where m < n. We call this interaction model 2. We
find the m-th and n-th Spinning solutions, S,, and S,,, and a Pendulum solution, Pn. We
performed numerical simulations for the case of m = 1 and n = 2, and they confirmed the
theoretical results.

The structure of this paper is as follows. From §2 to §6, we study model 1. In §2, we

formulate the problem and describe the SCEs and auxiliary equations. The solutions of



the auxiliary equations are also given. In §3, we characterize the non-trivial solutions by
introducing the rotation number. In §4, we give the SCEs for the non-trivial solutions. The
phase diagram and bifurcation structure are studied in §5. In §6, we show the results of
numerical simulations and compare them with the theoretical results. In §7, we study model
2 and show theoretical and numerical results for it. §8 contains a summary and discussion
of the results. In Appendix A, we derive the auxiliary equations and SCEs for model 1 and
solve the auxiliary equations. In Appendix B, we derive the SCEs and relevant quantities
for each phase. In Appendix C, we derive the condition for the existence of the Pn solution.
The expressions for the phase boundaries are derived in Appendix D. Appendix E derives

the SCEs for the Spinning and Pendulum solutions for model 2.

II. FORMULATION

Let us consider N equally spaced phase oscillators lying on a circle. We introduce the
coordinate 6 on the circle, which takes values, 0, %’r, %T, e ,w. Let ¢y be the phase
of the oscillator at the coordinate 6, and assume that it obeys the following differential

—( )0 — —l— E Je S. ((2)9 — ( )6) ( )
4}9 , 79/ / . I

Here, wy is the natural frequency, and it is drawn from a probability density g(w). g(w) is
assumed to be one-humped at w = wy and symmetric with respect to wy. The interaction

Joor between oscillators at § and 0’ is assumed to be

JO JI /
) = — —_ — . 2
Jgﬂ N + A COS(9 0 ) ( )

This interaction has the properties of the Mexican-hat interaction described above. Now,

let us introduce three complex order parameters,

) 1 .
W = Re™® = N Z el (3)
0
. 1 .
W, = R.e® = N Z cos e, (4)
9
. 1 .
W, = R,e'® = I Zsin fe'%e. (5)
0
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By using these quantities, the evolution equation (1) can be rewritten as

d
aqbg = Wy + J()R Sin(@ — gbg)
+J1[R. cos0sin(O, — ¢g) + Ry sinfsin(O; — ¢yp)]. (6)

Let us study the stationary states of this equation. Since oscillators with a natural frequency
wp are the most numerous, it is expected that the phases of the order parameters rotate with

the frequency wy in the stationary states. Thus, we will assume the following relations:
O = W()t + @/, @c = th + (“)::, @S = th + @ls

Since we are studying stationary states, we will assume that the amplitudes R, R., R and
the phases ©', 0., O tend to constant values as t goes to infinity. We could assume wy = 0
without loss of generality. However, we will retain the term wy because the parameters at
critical points explicitly contain wy.

Now, let us derive the SCEs following Kuramoto’s argument. We rewrite the right-hand

side of eq. (6) as
d :
7300 = wo — Agsin(dy — wot — ap). (7)
From egs. (6) and (7), the following relation is derived:
Age’™ = JyRe™® + Jy[R, cos 0e’® + R, sin 0e’®:]. (8)

For simplicity, we will omit primes from the phases except for the expressions of oy ad ¢j.

Ay is expressed as

A2 = (JoR)? + J2{(R.cos0)* + (R, sinf)?
+2R. R, cos(©, — ©y) sinf cos 0}
+2JoJ1 R{ R, cos(O. — ©) cos § + R, cos(O; — O)sinb}. 9)

Since we assume that ©s and Rs do not depend on time, neither does ay. Thus, by defining

Vg = Py — wot — ay, the evolution equation becomes

d .
Ewe = wg — wy — Ap sin . (10)



A. Synchronized oscillators: |wy — wg| < Ay

The stable and unstable solutions are as follows:

Stable solutions : 0 < 1y < g for wg —wg >0, and — g < 1y < 0 for wy — wy > 0,

T T
Unstable solutions : 5 <ty <miorwy —wyg>0, and —7 <y < —3 for wg — wy > 0.

The entrained phase v; and number density of the synchronized oscillators with phase ¢ at

the location 6, ng(6,1), are obtained as

vy = sin~! (“’(’A;GWO) (11)
na(0,1) = glwo + Agsints) Ag cos ¥, 6] < 7. (12)

T
where sin~!(z) is assumed to be the principal value and its range is [—5, 5]

B. Desynchronized oscillators: |wy — wy| > Ay

The solution of eq. (10) is
be(t) = wpt + h(wpt),

where h(t) is a periodic function of ¢ with period 27. @y is the resultant frequency given by
A\’
Oy = (wp —wp)y /1 — :
p = (wop — wo) R

do(t) = wot + Ya(t) + .

The solution of eq. (7) is

Therefore, the resultant frequency wy for ¢y (t) is

. y Ay \?
Wy = wo + Wy = wo + (wp —wo)t[ 1 — ) (13)

Wy — Wo

The probability density function of the phase of desynchronized oscillators at location 6,

pas(0,1), obeys the following equation:

% ((am — wo — Agsiny)pgs (6, ¢)> = 0.

6



Solving it yields

9 o) — lwo — wol 1 1— Ao 2 14
pds( 71/}) - om |W9 — Wy — AG s]ﬂ(¢)| (W@ - UJO) . ( )

From this, the number density of desynchronized oscillators with phase ¢ at 0, ngs(60, ),
can be written as

nas(0,1) = /| g(w)pas(0,¢)dw = 1 /00 dr x g(wy + x)—M (15)

CPRBCIE
Ao | 7 Ja, x? — Agsin®

LA)—LL)O
C. Resultant frequency distribution

We study the resultant frequency distribution for the synchronized and desynchronized

oscillators at 6, G4(@,0) and Gu(@,60). G4(@,0) is

. NQ,S

Gs(w,0) N

(@ — wp), (16)

where Ny 4df is the number of synchronized oscillators located in (0, 8 4 df), and §(x) is the

Dirac delta. Ggs(@, 0) is expressed as

0.0) = [© — wol w W —wp)? 2
Gas(@.0) = W_WO)2+A39<O+¢< 0)? + A3). (17)

The following relation is used in the derivation:

wp = wo + (&g — wo)\/l + (@9{9%)2- (18)

D. SCEs, Auxiliary equations and solutions of auxiliary equations

In this subsection, we state the SCEs, the auxiliary equations, and the solutions of the
auxiliary equations. Their derivations are in Appendix A.

Here, we will introduce the following notation:

11 /2 2w
(B) = ——/ dw/ dfg(wy + Agsine) cos® ) B, (19)
Z7 Jo 0
1 /2 2w
Z == / dw/ dfg(wo + Agsina)) cos? 1. (20)
T Jo 0
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The SCEs are

R= (JOR + Ji{R.(cos0) cos(O, — ©) + R,(sin ) cos(O; — @)}) Z, (21)
R, = (JOR(COS 0) cos(0, — ©) + Ji{R.(cos® §) + Ry (sinf cos ) cos(O, — @S)}) Z, (22)

R, = (JOR(sin 0) cos(0, — ©) + Ji{R.(sin f cos ) cos(O. — O,) + Ry (sin® 0)}) Z. (23)

The auxiliary equations are

R.{cos ) sin(0. — O) + Ry(sinf) sin(6; — O) = 0, (24)
JoR{cos0)sin(6. — O) + J; Rs(sinf cos 0) sin(©, — ©4) =0, (25)
JoR(sin ) sin(O; — O) — J; R.(sin f cos #) sin(©, — ©4) = 0. (26)

Two of the auxiliary equations are independent. Thus, the phases of the complex order
parameters are completely determined from the auxiliary equations. We list their solutions

below.

1. R=0,Ri = /R2+ R2#0.
cos(O, — ©,) = 0, that is, ©, — ©, = £7 (mod 27). This corresponds to the stable
Spinning (S) solution.

2. R#0,R; #0.

2-1 sin(©, — O,) = 0 and cos(0. — ©) = 0, that is, (0. —0) x (6, —0) = {£F (mod
2m)} x {£75 (mod 27)}. This corresponds to the stable Pendulum (Pn) solution.

2-2 sin(0,. — ©) = 0 and cos(O; — ©) = 0, that is, (0. —0O) x (O, —0) = {0, 7 (mod
2m)} x {£% (mod 2m)}. This corresponds to the unstable Pn solution.

III. CHARACTERIZATION OF THE SOLUTIONS

The previous section determined the phases of the order parameters from the auxiliary

equations. Furthermore, Appendix B derives four solutions of the SCEs. These solutions
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are classified on the basis of the values of R and R;:

P: para magnetic solution, (R, Ry) = (0,0),
U: uniform solution, (R, R;) = (+,0),
S: spinning solution, (R, R;) = (0,+), (6, — ©y) = :I:g,
Pn: pendulum solution, (R, R;) = (+, +),
(0. - ©) x (0, — 0) = {ig} X {ig} . stable,
(0. - 0) x (0, — 0) = {0, 7} x {ig} . unstable.

Let us study the physical meanings of these solutions. In order to characterize them, we
will define the rotation number of a solution. Let us denote an oscillator at 8 as XY spin
Xy = (cos ¢y, sin ¢y) in the two dimensional space. We focus on the behavior of synchronized
oscillators with entrained phases ¢; = wt + ¢; + ap. The rotation number is the number of
rotations of a synchronized oscillator X = (cos ¢}, sin ¢j) around the origin in the space X
when the location 6 changes by 2w. We define the rotation as being positive (negative) when
the rotation is anti-clockwise (clockwise). In the P solution, all oscillators desynchronize,
whereas in the other three solutions, an extensive number of oscillators synchronize and
their directions become locked. We depict 6 dependencies of the entrained phase ¢ for each
solution in Fig. 1. Although ¢j; fluctuates in all solutions, the behavior of ¢} together with
the rotation number characterize each solution. In the U solution, ¢ randomly takes on
a value in the interval [—g + @,g + O] irrespective of the location of oscillators; hence,
the rotation number is 0. In the S solution, ¢, linearly depends on 6, and the rotation
number is £1. See Appendix B for the derivations of these solutions. In the Pn solution, ¢j

has an oscillatory behavior and the rotation number is 0, but the directions of neighboring

synchronized oscillators are weakly correlated.

IV. SELF-CONSISTENT EQUATIONS FOR ORDERED SOLUTIONS

This section uses the same notation as in section 2; that is, Os denote ©’s. We give the
SCEs and relevant quantities of various solutions of the SCEs. The derivations are given in

Appendix B.



FIG. 1. 6 dependencies of entrained phase ¢j. Line plots: theory; + simulation (N = 10000,0 =
0.2, Jo = 1.2Jp, wo = 0). Since wy is 0, the theoretical values are calculated by using eq. (11).
These values are connected by straight lines so that it is easier to compare them with the numerical
results. Only 1% of the entrained phases are depicted. (a) U solution, J;/Jy = 1.9, (b) S solution,
J1/Jop = 2.1, (c) Pn solution, Jy/Jy = 2.1.

A. Stable U solution

In the U solution, Ry = 0. This is nothing but the solution of the Kuramoto model.

w/2
R = 2J0R/ dipg(wo + JoRsinv) cos® 1, (27)
0
Ag = JoR, ay = O = constant,

¢5 = wot + O’ +sin~? (wé’JO_Rw‘)) .

The phase transition point from the P phase to the U phase is

2
Joe= s (28)

B. Stable S solution

For the stable S solution, R = 0, (cosf) = (sinf) = 0, and ©, — O, = £7.

w/2
R, = Jch/o dipg(wo + Ji Resin) cos® 1. (29)
Ry
Rc: Rs - _7A0 - J1R07 Qg = @/ ZF@,
\/5 c
¢ = wot +sin~* (W?J—Rwo> + O, F0.
14c
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The phase transition point from the P phase to the S phase and the order parameter R

near to the transition point are given by

4

Jie = = 2Jye, 30

T gl T )
2(J1 — Jie)

A a0
JLC 7T‘g (WO)l

When g(w) is a Gaussian distribution with mean wy and standard deviation o, Jy,. and

2 2
J()’c = 2\/j0', Jl,c = 4\/j0' = 2<]070.
7 ™

The entrained phase ¢j linearly depends on . Since the resultant frequency distributions

Rl >~ Jl _Jl,c-

J1,cbecome

for the synchronized and desynchronized oscillators do not depend on 6, we denote them by

G5(@) and Ggs(@), respectively:

Gul@) = S23(@ - o), (3

|(:J—w0|

\/((D - WO)2 + (J1R0)2

where Ny is the number of synchronized oscillators.

Gas(@) = 9(wo + V(@ — wo)? + (J1R.)2), (32)

C. Stable Pn solution

We define the phase ¢ of (R., R,) as
R, = Rycosy, Ry = Rysinp.
Furthermore, defining ay = ay — 0., we have
Agcosay = Ji Ry cos(0 — pcos(©, — Oy)), Agsinay = —JoRsin(6, — O),
Ay = v/ (JoR)? + (Ji]1)? cos?(0 =  cos(O. — ©,)), (33)

where sin(0.—0) = £1 and cos(0. — O;) = £1. By transforming 6 into ¢ = 6 — ¢ cos(O, —
©;), the SCEs become

4

R = 208 / av / 9(0o + Avspcostor—o,) Sin ) cos? ¢, (34
4

Ry = JlRl / dw/ d0’ g(wo + Ag/4pcos(@.—0,) SINY) cos® P cos ', (35)

T
Ap s peos@e—0.) =V (JoR)2 + (J1R1)? cos? ¢, (36)
¢ = wot + ap +sin~* Yo%) _ wot + @ + O, + sin~* Wo o). (37)
Ag AG
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In the last equation, € is the original coordinate and Ay is given by eq. (33). From (37),
the rotation number is 0. Using this Ay, the resultant frequency distributions G4(@, §) and

Gas(@,0) are given by egs. (16) and (17).

D. TUnstable Pn solution

Setting ay = ag — O, we have

Agsinag = —J1 Rssinfsin(0,. — Oy),
Agcosay = JoRcos(©, — O) + J1 R, cos b,

Ay = \/(JoRcos(0, — ©) + J  R.cos )2 + (J, R, sin §)2.

By transforming 6 into 8’ = 0 — (0, — ©), egs. (21), (22), and (23) become

2 w/2 T
R = - / d¢/ d0' g(wo + Apro,—esint) cos* v (JoR + JiR.cosf)'), (38)
0 0
2 w/2 lis
R. = - / d@/}/ df' g(wo + Apro,—esint) cos? ¥ (JoR + JR.cos8)cost, (39)
0 0
2 /2 T
R, = Jch—/ d¢/ d0' g(wo + Agro,—e sint) cos? 1 sin® @, (40)
T Jo 0

where Ay 0,0 = \/(JOR + JiR.cos0)? + (J1Rssin0')2.

By numerically solving equations (34) and (35) for the stable Pn solution, we obtain the
U solution by putting R; = 0 and the stable Pn solution by putting R; # 0. This is because
eq. (34) with Ry = 0 reduces to the SCE (27) for the U solution. A necessary condition to
obtain a stable Pn solution is J; > 2Jy. We prove this in Appendix C.

V. PHASE DIAGRAM AND BIFURCATION STRUCTURE

Figure 2(a) is the phase diagram in scaled parameter space (Jy/0, J; /o). Here, o is the
standard deviation of the Gaussian distribution g(w) that was used in the simulations. The
diagram shows that the S and U solutions can coexist and the S and Pn solutions can coexist.
Figure 2(b) shows the J; /o dependencies of the order parameters R and R; with Jy/o fixed
to 4. From this figure, we can see that the Pn solution bifurcates from the U solution

continuously, as is proved in Appendix C. On the other hand, the S solution bifurcates
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FIG. 2. (a) Phase diagram in scaled parameter space. Plotted points represent simulation results
and curves represent theoretical results. The solid vertical line represents the parameters used to
depict Fig. 2(b). (b) Bifurcation diagram, .J; /o dependencies of the order parameters. Jo/o = 4.
Solid curves: stable solutions, dashed curves: unstable solutions, which have superscripts U, e.g.,

svu.

from the P solution at the critical value of J; /0. Furthermore, the unstable Pn solution and
stable S solution merge and the stable S solution becomes unstable as .J; /o decreases, and the
unstable and stable Pn solutions merge and the stable Pn solution becomes unstable as J; /o
increases. Therefore, the unstable Pn solution determines the boundary of the coexistent
regions of the S and U solutions and of the S and Pn solutions. Taking into account these
observations, we can derive the boundaries of the coexisting solutions by using the unstable
Pn solution and relevant stable solutions. The equations for the boundaries are derived in

Appendix D.

VI. NUMERICAL RESULTS

We performed numerical simulations using a Gaussian distribution with mean 0 and

standard deviation ¢ as g(w). That is, wg = 0. If Jy or J; is large in the calculation,

oi(t +h) — di(t)
h

the evolution equations with the same values of wy/o, Jy/o and J; /o become identical by

do; :
the discretization of d—(i by the Euler method, , becomes worse [6]. Since

changing the time scale from t to ot, we fix Jy or J; and change o when Jy or J; is large.
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The Euler method had a time increment A = 0.1.

A. Phase diagram

Figure 2(a) depicts the theoretically and numerically obtained boundaries. The theoret-
ical results (the solid curves) are in good agreement with the simulation results (symbols).
Now, let us examine the physical meanings of the phase transitions by using the rotation
numbers of the solutions. There are five boundaries in the phase diagram shown in Fig.
2(a). The transition from the P to U phase takes place continuously at Jy/o = (Jy/0).
for 0 < Jy/o < (J1/0)., and this is the same transition as in the Kuramoto model. The
transition from the P to S phase takes place continuously at Jy/o = (J1/0). = 2(Jy/0). for
0 < Jy/o < (Jo/o)c. In the P phase, there are no synchronized oscillators and the rotation
number is not defined. In the S phase, the rotation number is 1. The above illustrates that
a solution with a non-zero rotation number can appear from a solution in which the rotation
number is not defined. Another example of this occurs in model 2 (see section 8). That is,
the S,, solution with the rotation number +m appears from the P solution when the m-th
Fourier component exists in the interaction. The transition from the U to Pn phase takes
place continuously at Jy /o = 2.Jy/o for Jo/o > (Jy/o). and J; /o > (J;/0).. In this case,
the rotation number of the U and Pn phases is 0. This is reasonable because the transition is
continuous and synchronized oscillators exist in both phases. Although both solutions have
the same rotation number, 0, they are different. That is, as is shown in Figs. 1(a) and (c),
the directions of the two synchronized oscillators do not correlate in the U phase, but cor-
relate weakly in the Pn phase. Now, let us investigate the transitions at the bistable region
boundaries. As mentioned in the previous section, the stable S and unstable Pn solutions
merge and the stable S solution disappears at the boundary between the S and U solutions,
and the stable Pn and unstable Pn solutions merge and the stable Pn solution disappears
at the boundary between the S and Pn solutions. This is a new type of transition that does
not exist in the Kuramoto model. When the stable S solution with rotation number 41 and
unstable Pn solution merge, these two solutions should have the same rotation number, +1.
Likewise, when the stable Pn solution with rotation number 0 and the unstable Pn solution
merge, their rotation numbers should be 0. Thus, the rotation number of the unstable Pn

solution changes from +1 to 0 as J; /o increases. This is really the case, as evidenced by Fig.
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3. When we calculated ¢ for the unstable solution, we assumed ©, = 0,0, — © = 0 and
©s, — © = 7/2, and we fixed these values when values of J; /o change, because these phases
take on discrete values and are considered to be continuous with respect to the system pa-
rameters. The reason why the rotation number can change as a system parameter changes
is as follows. Oscillators are discretely spread out on a circle and the difference between the
phases of the neighboring synchronized oscillators can become 7. Since the phase difference
is defined in mod 27, if it changes and takes on the value 7, the rotation number will change
by +£1. The rotation number is not defined if there are neighboring synchronized oscillators
whose phases differ by 7. However, this situation is very special. In most cases, it is defined

and can be used to classify solutions and get physical information on them.

FIG. 3. Theoretical estimation of 6 dependencies of phases ¢y for unstable Pn solution. o =
0.2,Jo/0 = 4. The theoretical values are calculated using a similar equation to eq. (11) for the
unstable Pn solution, and these values are connected by straight lines. Only 1% of the phases are
depicted. (a) Ji1/o = 6, near the boundary of the region in which the S and U phases coexist, (b)
J1/o = 8, at the boundary of the region in which the S and U phases coexist, (c¢) J1/o = 10 near

the boundary of the region in which the S and Pn phases coexist.

B. Spinning solution

Figures 4(a) and (b) plot the dependence of R; and the distribution of the resultant
frequencies G(@) on }i. The location-dependent entrained phase ¢} is in Fig. 1(b). It turns

1
out that the entrained phase depends linearly on 6 in the S solution but takes on random
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values for the U solution (see Fig. 1(b)), as theoretically expected. All of the numerical

results agree quite well with the theoretical results.
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FIG. 4. (a) o/J; dependence of Ry. o/J1 = (0/J1)c X i,i = 0.1,0.2,,,1.2. we fix Jy = 0 and
J1 = 1 and change 0. We set wg = 0. Dashed curve: theory. Symbols: simulation. N = 20000.
The sample average was taken over 20 initial configurations. Vertical lines are error bars. (b) The
distribution of the resultant frequencies G(©) in the ordered phase, n = 100000. 1 sample. Solid

curve: theory. Symbols: simulation. Jy =0,J1 = 1. 0/J1 = (0/J1)c X 0.9.

C. Pendulum solution

Figure 5 displays the theoretical and simulated results of the .Jy dependence of the order
parameters for J; = 2.1.Jy. The theoretical and simulation results of the location dependent
resultant frequency distribution G(@,0) for different 6 are in Fig. 6, and those of the 6
dependencies of the entrained phases ¢} are in Fig. 1(c). The agreement between the
theoretical and numerical results is excellent. To investigate the desynchronized oscillators,
we constructed a Lorenz plot of the time series sin(¢;(¢)) for the Pn solution (Fig. 7).
The Lorenz plot is a mapping from the difference At; = t,.1 — t; to At;;1, where t; and
t141 are successive times that satisfy cos((¢;(t;)) = 1 and cos(¢;(ti+1)) = 1, respectively. As
shown in Fig. 7, the simulation results are scattered in the Lorenz plot. This indicates that
the trajectory of a desynchronized oscillator behaves chaotically even though theoretically
it is quasi-periodic. However, this is reasonable because synchronized and desynchronized

oscillators interact with other oscillators, and desynchronized oscillators are easily influenced
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FIG. 6. Theoretical and simulated results for the distribution G (@, ) of the resultant frequencies
for the Pn solution. Curve: theory, + simulation (N = 100000,0 = 0.2, J;/Jy = 2.1, Jo = 1.2Jp ).

(a) 6 =0.05 x 27, (b) 6 = 0.25 x 2.

by perturbations, whereas entrained oscillators are forced to lock to the fixed phases. As
is well known, quasi periodic motion with more than two dimensions generically becomes
chaotic through perturbation [28]. In most of our numerical results, e.g., those for the

resultant frequency distribution, the larger N is, the better the agreement between the
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theoretical and numerical results becomes. These results suggest that the system behaves

quasi-periodically as N goes to infinity.

VII. SYSTEM WITH INTERACTION COMPOSED OF FIRST AND SECOND
FOURIER COMPONENTS

In this section, we study model 2, in which the interaction is given by
1
N

where m and n are positive integers, and we assume that m < n. The order parameters are

defined as

Jog = —[Jmcos{m(0 — 0")} + J, cos{n(0 — 0)}], (41)

A 1 ‘
chez@kc — N Z COS(]CH)@“%’ (42)
0

) 1 .
Ry, €% = N E sin(k@)e'. (43)
0

k is m or n. As usual, we assume that Rjy. and Ry, tend to be constant and Oy, —
wot + O, Ors — wot + O}, as t tends to oo, and O}, and O}, are constant. The evolution

equation is given by

d .
%@ = wp — Apsin(pg — wot — ),
Aeeiﬂée — Z Jk’ [ch Cos(k‘@)eie;ﬂc —+ Rks sin(k’@)eie;“]. (44)

k=m,n
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Defining 1y = ¢ — wot — vy, the evolution equation becomes

d )
a?ﬁa = wy — wp — Ag sin y. (45)

For later use, we define R, and ¢, by Ry +iRy, = Rie™*#*. In the next subsections, we give
the SCE for the stable Spinning and Pendulum solutions. The derivations are in Appendix
E.

In the below, for simplicity, we will omit primes from the phases except for the expressions

of ayp ad ¢j.

A. Spinning solution

We give the conditions and SCEs for the stable Spinning solution with R,, > 0 and R,, =
0. We denote the solution by S,,. The conditions on this solution are cos(©,c — Os) = 0

and cos(2my,,) = 0. From this, R, = Rys = \%Rl and Ay = J,,R,,. follow. The SCE is

w/2
1= Jm/ dpg(wo + T Rone sin1p) cos? 1p. (46)
0

This equation is the same as eq. (29) for the stable Spinning solution studied in model 1.
The critical point is given by
4
JO = g9 = =2 47
m 1 T g(wo) 0 ( )
That is, the critical point for S,, is the same as the one for the S solution in model 1. The
synchronized solution is expressed as
Qg = ®/c + me)
Wy — Wo
JmRmc

The entrained phase of the solution changes by £27m when the location 6 changes by 27;

b5 = wot + Y + ag = wot + sin~? ( ) + 0L Fmb. (48)

that is, its rotation number is +m.

B. Pendulum solution

Here, we assume R,,R, # 0. Moreover, for simplicity, we assume n # 3m. Accordingly,

the conditions on the stable Pn solution are
Sin(O,,c — Ops) = 0, sSin(Ope — Op5) = 0, co8(Ope — Opys) = 0. (49)
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Here, we define

0, = (pkei(@kcf@ks) = 1 c0S(Ope — Ops), 0 — 0, — 0, 0 =0—0,,,

from which we obtain

2

Ag=Ap 5, = \/(JmRm cos(m@’))2 + (JuRp cos{n(0 — 5)}) : (50)
By changing the variable from 6 to ¢, the SCEs become
J w/2 2T
1= —m/ dw/ d0' g(wo + Agryg,, sint) cos® 1 cos®(md'), (51)
T Jo 0
J w/2 27 B
1= / d¢/ d0' g(wo + Agr g, sint) cos 1 cos®{n (0’ — 0)}. (52)
T Jo 0
Furthermore, we derive the condition
(sin{2n(6' — 6)}) = 0. (53)

The sufficient condition for this is cos(2n8) = 0 or sin(2nf) = 0, and it determines the value

of 6 Setting ay = ag — 6,5, We obtain

Agcosay = Jp Ry c08(0c — Ops) cos(mb)'), (54)
Agsinag = J, R, sin(0,,. — O,,s) cos{n(d’ — é)} (55)
Thus,
¢ = wot + sin~* (waggwo) + @y + O, (56)
This formula indicates that the rotation number can take on values of 0, £1,--- , +m.

C. Nwumerical results

We performed numerical simulations in which we used a Gaussian distribution for g(w).
We set the mean to be 0, i.e. wyg = 0 and standard deviation o. We studied the case
of m = 1 and n = 2. Figure 8 plots the time series of the amplitudes of the complex
order parameters for Sy, So, and Pn. The trajectories of the amplitudes of the complex
order parameters for S; and Sy converge, but those for Pn fluctuate. Figure 9 shows the
time series of the phases of the complex order parameters and 46. Moreover, Figs. 10 and

11 respectively display the .J; dependence of the order parameters for J; = J; and the 0
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dependencies of the entrained phases ¢;. The rotation numbers for the S;, So, and Pn
solutions are -1, 2, and 0, respectively. The theoretical and numerical results agree quite
well. Figure 12 shows the resultant frequency distribution G(@) of the S; and S, solutions,
and the location-dependent resultant frequency distribution G (@, #) for different 6 of the Pn
solution. Agreement between numerical and theoretical results is excellent for the S; and
S solutions. However, it is not close for the Pn solution. This is because the trajectories
of Ry and R, for the Pn solution fluctuate, as shown in the Fig. 8(c). As can be seen from
Fig. 9, ©). — Oy = —7, 09, — Oy, = 0,0y, — Oy, = —71/2. Thus, §; = —p; and 0y = ,.
Therefore, 0 < 46 < 3. Accordingly, the condition cos(49~) = 0 implies 40 = o 37”, 57” The
other condition sin(46) = 0 implies 46 = 0, 7, 27, 37. However, numerical results shows that

46 ~ 2.2 (Fig. 9(c)). This is the cause of the discrepancy between the theoretical and

numerical results for G(@, 6).

Ri

(a)
0.4715 : : : 0.472 0.31
0471 | e 0.47 0.308
0.4705 e 0468 |4 0.306
0.47 . ; J 0304
o 0466 fi =
0.4695 < ! %— 0.302
0.464 |- -
0.469 H J 03
L -
0.4685 H 0462 0.298
0468 H - 046 - b 0.296
0.4675 ! ! ! 0.458 ! ! ! 0.294 ! ! !
10000 15000 20000 25000 30000 10000 15000 20000 25000 30000 10000 15000 20000 25000 30000
t t t

FIG. 8. Trajectories of Ry and Ry. J; = Jo = 1.2J1 .. N = 200000. Solid curve: Ry, dashed curve:

Rs. (a) Si solution. (b) Sg solution. (¢) Pn solution.

VIII. SUMMARY AND DISCUSSION

We studied phase oscillator networks on a circle with two types of interaction (models 1
and 2).
Model 1 is the Mexican-hat interaction. The interaction is composed of two terms, one of
which is a uniform interaction with strength Jy, and the other is a sinusoidal interaction with

respect to the location 6 of oscillators with strength J;. If J; = 0, the present model reduces

21



0.3 : 5 | }
02 | g ] Ema— —
15
0.1 |
15 |
0 i -
1F | N |
= -0.1 | | o _

) g <t 05| |
ol i 05 | 0 ) B B
-03 |

7 0.5 i
-04 | N |
-0.5 :
-0.6 1 1 1 -0.5 I | ‘ » | | |
10000 15000 20000 25000 30000 10000 15000 20000 25000 30000 10000 15000 20000 25000 30000
t ; ;

FIC. 9. Trajectories of ¢s and 4. J; = Jo = 1.2J; .. N = 200000. (a) S; solution. Solid curve:
O1. — O14, dashed curve: ¢;. (b) Sg solution. Solid curve: Oy, — g4, dashed curve: yq. (c) Pn
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FIG. 10. Jy dependence of Ry, Ry. 0 = 0.2. J; = Jao. Jo/Jae x 4,0 = 0.8,0.2,,,2.0. wy = 0.
Curves: theory. Symbols: simulation. N = 10000. The sample average was taken over 40 initial
configurations. Solid curve and +: R; of Pn, dashed curve and x: Rs of Pn, dashed-dotted curve:
Ry of S; and Ry of So, * : Ry of Sy, square : Ry of So. Vertical lines are error bars. The error bars

on almost all of the data are too small to see.

to the Kuramoto model. In order to obtain self-consistent equations, information about the
differences between the phases of the complex order parameters is necessary. Previously,
for this purpose, we studied the classical XY model to which the phase oscillator network

reduces when all oscillators have the same natural frequency [29, 30]. The relevant order
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FIG. 11. 0 dependencies of entrained phases ¢,. Line plots: theory;+: simulation. The theoretical
values are calculated using eq. (56) with wy = 0, and these values are connected by straight lines
so that it is easier to compare them with the numerical results. Only 1% of the entrained phases
are depicted. J; = Jp = 1.8J; ¢, 0 = 0.2. Simulation: N = 10000. (a) S; solution. (b) Sy solution.

(¢) Pn solution.

parameters are the same in the oscillator network and XY model. The order parameters that
characterize the solutions are R and R;. The saddle point equations (SPEs) for the XY model
were obtained and the differences between the phases of the complex order parameters were
determined analytically [30]. So far, we have used information on the phases of the complex
order parameters in the XY model to solve the SCEs for the phase oscillator network.
Recently, we succeeded in deriving auxiliary equations that determine the phases of the
order parameters for the phase oscillator network. The auxiliary equations turned out to
be the same as the SPEs for the phases of the complex order parameters in the XY model
[26]. In this paper, we gave detailed derivations of the relevant equations and quantities. We
derived two auxiliary equations by expressing the order parameters in terms of the number
density of the oscillators. We used them to analytically determine the phases of the order
parameters, derived self-consistent equations for their amplitudes, and obtained three non-
trivial solutions that are characterized by the order parameters and the rotation numbers
of the synchronized oscillators X ps. We drew the phase diagram by using formulae for the
phase boundaries derived using the unstable Pn solution. Furthermore, we found that the
disappearance of coexistent regions between the U and S solutions and between the Pn and
S solutions is due to annihilation of the unstable Pn and stable S solutions, and that of

the unstable and stable Pn solutions. This is a new type of transition that does not exist
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FIG. 12. Theoretical and simulated results for the distribution of the resultant frequencies. G(@)
for the Sy and Sy solutions and G(@,0) for the Pn solution. Curve: theory, +: simulation (N =
200000,0 = 0.01,J; = Jo = 1.2J;1.). (a) S; solution, (b) S solution, (c) # = 0.05 x 27 for Pn

solution , (d) # = 0.25 x 27 for Pn solution.

in the Kuramoto model. We also analytically obtained the location-dependent distribution
of the resultant frequencies and entrained phases and validated the theoretical results by
simulation, except for the chaotic behavior of the desynchronized oscillators. This chaotic
behavior is quite reasonable because quasi periodic motion with more than two dimensions
generically becomes chaotic through perturbation [28]. Our numerical results suggest that
the system behaves quasi-periodically as N goes to infinity.

Model 2 is an interaction including the m-th and n-th Fourier components, where m < n. We

found Spinning solutions, S,, and S,,, and a Pendulum solution. The critical points for the
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S and S, solutions are the same as those for the S solution in model 1. In S,, (S, ), the phase
of the entrained oscillators changes by +2mm (+2nm) when the location changes by 27r. That
is, the rotation number is £m (£n). On the other hand, in the Pendulum solution, the phase
of the entrained oscillators fluctuates when location changes by 27, and the rotation number
can take on values of 0, +1,4+2,--- ,£+m. We performed a similar analysis to that of model
1 for m =1 and n = 2. In the Ji, J5 space, around the line J; = J,, these three solutions
coexist for J; > J; . and Jy > Jy .. We conducted a simulation that validated the theoretical
results for the J, dependencies of R; and Ry and the dependencies of the entrained phases
on location. As for the distribution of the resultant frequencies, the agreement between
the theoretical and numerical results was excellent for the S; and Ss solutions. However,
theoretical and numerical results for the location-dependent distribution of the resultant
frequencies did not agree very well for the Pn solution. This is because the trajectories of
Ry and R, for the Pn solution fluctuate, and the numerical value of 0 deviates from the
theoretical prediction. The reason for this deviation seems to be that the desynchronized

oscillators behave more chaotically in the Pn solution than in the S; and Sy solutions.

How the existing phases and phase transitions depend on the type of interaction is an
interesting question. The present method is applicable to phase oscillator networks not only
on a circle but also in general spaces. For example, we have started to study an oscillator
network and XY model in which the interaction is like that of associative memory, and we
have found that there are different phases and phase transitions from those in the Mexican-

hat interaction.
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IX. APPENDIX A. DERIVATION OF AUXILIARY EQUATIONS AND SCES,
AND SOLUTIONS OF AUXILIARY EQUATIONS

The total number density of oscillators with phase 1 at location 0, n(6,), is n(6,v) =
ns(0,1) + ngs(0,1). From eq.(15), since ngs(0,1 + m) = ngs(6,1), OQW ngs(0,)e¥dp = 0

follows. Thus, only synchronized oscillators contribute to the order parameters:

Re™® = / dipn, (1p)e’ oo, (57)
) 777: 1 2w ) )
R.e® = / dip— / dOn(0,) cos eV tie, (58)
—7 27 0
) s 1 2w ) )
R,e™® = / dip— / dOng(0,1)) sin he™V o (59)
-7 27 0
where
1 2w
s() = — dOng(0,).
n() =5 [ om0,
By substituting the expression of n4(6,1) into eq. (57), we obtain the following equations.
1 w/2 2
R=-— / dw/ dfg(wo + Ag sinvp) cos? 1)
m™Jo 0
x{JoR + Jy (R, cos 0e'®=©) 1 R, sin 9e'©=©))1 (60)

Ay is expressed as

A2 = (JoR)? + Ji{(R.cos6)* + (R, sin0)?
+2R R4 cos(©, — Og) sinf cos 0}
+2JoJ1 R{ R, cos(O. — ©) cos§ + R, cos(Os — O)sinb}.
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We introduce the following notation.

1 /2 27
B)= = d do Ay si 2y B, 61
)= [ v [ doglen+ Apsinu)costy (61)
w/2 2w
7= d db Ay si 2. 62
/0 ¢/0 g(wo + Agsint) cos” ¢ (62)

Equation (60) can be rewritten as
R= (JOR + J1{R."©9 (cos 0) + R, ©=©) (sin 9)}) Z. (63)
Similarly, egs. (58), and (59) can be rewritten as
R, = (JoRe_i(ec_e)@os 0) + Ji{R.{cos 0) + Ree "9 (sin 6 cos 0>}) Z, (64)
R, = (JoRe_i(Gs_G) (sin ) + J1{R.e"©=©)(sin f cos 0) + R, (sin 0)}> Z. (65)
The real parts of egs. (63), (64), and (65) give the SCEs for R, R, and Rj.
R= (JOR + Ji{R.(cos0) cos(©, — ©) + R,(sin ) cos(O; — @)}) Z, (66)

R, = (JOR(COS 0) cos(0. — O) + Ji{R.{cos* ) + R,(sin # cos #) cos(0, — @S)}> Z, (67)

R, = (JOR(sin 0) cos(0, — ©) + Ji{R.(sin f cos ) cos(O, — O;) + R,(sin® 9>}) Z. (68)

The imaginary parts of egs. (63), (64), and (65) give three equations.

R {cos0) sin(O. — ©) + Ry(sin ) sin(05 — ©) = 0, (69)
JoR(cos 0) sin(0, — ©) + J; Rs(sin b cos f) sin(6,. — ;) = 0, (70)
JoR(sin 0) sin(O; — O) — J; R.(sin f cos #) sin(©, — ©4) = 0. (71)

Two of egs. (69), (70), and (71) are independent. These auxiliary equations completely
determine the phases of the order parameters.
Now, let us solve the auxiliary equations. We will concentrate on the solutions that are
relevant to the phase transitions. Firstly, we solve the case of R = 0 and Ry = /R2 + R2 # 0
and derive the phases of the order parameters for the stable S solution.

Case of R =0, R, # 0.
Since Ay does not have cos# and sin terms, (cos#) = (sinf) = 0 follows. Thus, from eqgs

(70) and (71), we obtain
J1Rs(sin 6 cos 6) sin(©, — ©,) = 0, (72)
JiR(sin 6 cos 0) sin(6, — O4) = 0. (73)

28



Therefore, we have

(sinf cos ) sin(6. — O4) = 0.

The case of sin(©, — ©;) = 0 gives an irrelevant solution, so we will omit discussion of this
case.

Now let us study the case (sinf cosf) = 0. Here, the Fourier expansion of the integrand
should not contain the Fourier component sin 6 cos §. Therefore, the coefficient of sin # cos
in Ay should be 0, that is, R.Rscos(0. — Og) = 0. Thus, cos(0. — O4) = 0, or R. = 0,
or R, =0. R. =0 or Ry, = 0 gives irrelevant solutions, and the relevant solution is when
cos(©, — O4) = 0, that is, ©, — O, = :I:g (mod 27). Hereafter, we omit ‘(mod 2x)’ for
simplicity. Numerical results show that this case corresponds to the stable S solution.

Next, we solve the case of R # 0, R. # 0, Ry # 0 and derive the phases of the order

parameters for the Pn solutions.
Case of R #0,R. # 0, R # 0.
Using eq. (70) and ©, — O = (0, — ©) — (O, — O,) and multiplying eq. (71) by (cos8),

we obtain

sin(©, — O4)[J1 Rs(sin 0 cos 6) (sin 0) cos(O, — Oy)
+(cos 0){ JoR(sin 0) cos(0, — O) + J1 R.(sinf cos ) }] = 0.

Case 1 sin(©, — ;) = 0, that is, ©. — O, = {0, 7}.

From eq. (70), we obtain
JoR(cos 0) sin(6, — ©) = 0.

Thus, ©. — © = {0,7} or (cos#) = 0 follows. The relevant solution is obtained from the
case (cosf) = 0. In this case, Ay should not contain any cos@ term, that is, RR,. cos(0. —
©)(sinfcos#) = 0. Therefore, cos(©. —©) = 0, i.e., O, — O = £7. Since O, — O =
(0 —0) = (6. — 6,) = £F, we obtain

(0. —0) x (0, —0) = {i§} X {i§}

Numerical results show that this is the stable Pn solution.
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Using eq. (69) and ©. — 0, = (0, — ©) — (©5, — ©) and multiplying eq. (70) by (sin6),

we obtain

sin(0, — ©)[(sin §){ JoR(cos ) + J1 Rs(sin O cos ) cos(O5 — ©)}
+J1 R.(sin 6 cos 0) (cos 0) cos(O©, — O)] = 0. (75)

Case 2 sin(©, — ©) = 0, that is, ©, — 0 = {0, 7}

From eq. (69), Rs(sinf)sin(©, — ©) = 0. Thus, O, — O = {0, 7}, or (sinf) = 0. The
relevant solution is obtained from (sin#) = 0. In this case, RRscos(©; — 0) should be 0.
Therefore, cos(©, — ©) = 0, that is, ©, — © = £7. Thus, we obtain

(0. - 0) x (0, —©) = {0,7} x {:I:g}.

It turns out that this Pn solution is unstable.
Using eq. (69) and O, — ©; = (6, — 0) — (0, — O) and multiplying eq. (71) by (cos6),

we obtain

sin(©; — ©)[(cos ) { JoR(sin b)) + Jy R.(sin 0 cos ) cos(©. — O)}
+J1 Rs(sin 6 cos 6) (sin ) cos(05 — O)] = 0. (76)

Case 3 sin(©; — ©) =0, that is, O, — © = {0, 7}

In this case, from eq.(69), we have

R.{cos0)sin(©, — O©) = 0.

It follows that ©, — © = {0, 7}, or (cosf) = 0.
Case 3-1. sin(©, — ©) = 0.
Moreover, it follows that (0. — ©) x (O, — 0) = {0, 7} x {0, 7}.

These solutions are unstable and irrelevant.

Case 3-2. (cosf) = 0.

In this case, RR.cos(©. — ©) should be 0. Thus, cos(©, — ©) =0, and ©, — © = £7.
Therefore, we have (6, — 0) x (0, — 0) = {j:g} x {0,7}. These solutions are unstable.

Other cases
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The other conditions for (74), (75), and (76) are

1Ry (sin 0 cos 0) (sin 6) cos(0, — ©,) + (cos 0){JoR(sin 0) cos(O, — O)

T R.(sinf cos 0)} = (77)

(sin 0){ JyR(cos ) + J, Ry (sin 0 cos 0) cos(©, — ©)}

+J1Re(sin 0 cos 0) (cos 0) cos(0, — ©) = 0, (78)

(cos 0){JoR(sin ) + J Re(sin  cos 0) cos(©. — ©)}
) ©) =

+J1R(sin 6 cos 0)(sin 0) cos(O4 — (79)

Since R, R. and R, are continuous functions with respect to the parameters .Jy and .J;, the
conditions under which the above equalities hold are that the coefficients of R, R., R, are 0.
The conditions for (cos#) = 0 and for cos(©, — ©) = 0 are the same, and O, — © = £7.
Similarly, the condition for (sinf) = 0 and for cos(6, — ©) = 0is ©, — © = £7, and the
condition for (sin ¢ cosf) = 0 and for cos(©. — O,) = 0 is O, — ©, = £7. The combination

of phases of the order parameters are the same as those in cases 1 to 3.

X. APPENDIX B. DERIVATION OF CONCRETE SCES AND RELEVANT QUAN-
TITIES FOR EACH PHASE

A. Stable Uniform solution

This is the case of R > 0 and Ry = 0. This is nothing but the solution of the Kuramoto

model. Since R; = 0, we have
Ape'®® = JoRe™®, Ap = JyR, «p = O = constant.

Therefore, the entrained phase ¢} is expressed as

¢p = wot + O +sin”! (WGJO_RWO).

Note that ©' = © — wyt is used in the expressions of oy ad ¢j. The SCE is

/2
R =2JyR / dipg(wo + JoRsin ) cos? 1. (80)
0
The phase transition point from the P phase to the U phase is
2
Joc= 81
’ mg(wo) (81)



B. Stable S solution

For the stable S solution, R = 0, (cosf) = (sinf) = 0 and ©, — O, = £7 (see Appendix
A). In this case, Ay is expressed as Ag = Ji+/(R.cos0)? + (Rssinf)2. From egs. (67) and
(68), we have

R.= JiR.(cos’0)Z, R, = J,R,(sin’0)Z.
If R.R, # 0, then {cos? ) = (sin?6@) holds. R. = R, = % follows from this. Accordingly,
Ap = J1R., and the SCE becomes

w/2
R.= JiR. / dipg(wo + J1 R, sin ) cos? 1. (82)
0

The phase transition point from the P phase to the S phase and the order parameter R,

near to the transition point are given by

4 4200y — Ji.
Jie = = 2Jy.e, Ry~ Ah= o) VI = Jie

g(wo)m K 7|g" (wo)|

When g(w) is a Gaussian distribution with mean wy and standard deviation o, Jy. and J; .

2 2
J()7c = 2\/j0', Jl,c = 4\/j0' = 2J0,c- (83)
™ ™

Let us study the entrained phase ¢} = wot +; + . Since ©, — O, = :I:g, O, =0.—(0.—

are given by

0,) = O, F 5. From eq. (8), we have
Age™™ = J1R,e"<(cos 0 4 sin 0eT'2) = J, R (©F9). (84)

Therefore, Ag = J1R. and oy = O, F 0. Accordingly, the entrained phase ¢ is

Wy — Wo

J1 R,

¢ = wot + Uy + ap = wot + sin~* ( ) +0O.F6. (85)

Thus, the entrained phase ¢ linearly depends on the location 6.

C. Stable Pn solution

Since (6, — 0) x (O, — 0) = {j:g} X {j:g}, by using sin(©, — 0) = +1,cos(60, — O) =
0,cos(0. — O,) = £1 and sin(6. — O,) = 0, the eq. (8) reduces to

Age® = JoRe!©:=©=0) 4 J R ¢1® cos{f — p cos(O, — O,)}, (86)
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where we have defined
R, = Rycosy, Ry = Rysinp.
Therefore, setting ay = ay — O,, we have

Apsinay = —JoRsin(O, — O), Agcosay = J1 Ry cos{f — ¢ cos(O. — O)},
Ay = \/(JOR)2 + (J1R1)? cos?{f — pcos(O. — Oy) }. (87)

Equations (66), (67), and (68) become

R = JyRZ, (88)
R. = Ji R Z{cos*{ — pcos(©, — O,)}) cos ¢, (89)
Ry, = J1R1 Z(cos* {6 — ¢ cos(O, — O,)}) sin . (90)

By transforming ¢ into 6’ = 6 — ¢ cos(©, — O) and since Ag i, cos(0.-0,) is periodic with

period 7 and an even function of 8, we obtain the following SCEs:

4o R

R=20 / iy / 9w + A s peon(or 0, S 1) 05 ), (91)
4

R, = JlRl/ dw/ 9(wo + Ap g cos(0.~0,) SIN 1Y) cos 2 cos? 0, (92)
Aguﬂpcos(@c,@s) = \/(J()R) (J1R1)2 cos2 6. (93)

In this solution, we have

Wy — Wo
Ag

& :wot—l—ag—i—sin_l( ) :w0t+a9+®;+sin‘1<w9_w°), (94)

Ay

where 6 is the original coordinate and Ay is given by eq. (87).

D. Unstable Pn solution

Since (0, — ©) x (0, — O) = {0,7} x {ig}, then sin(©, — ©) = 0,co8(0, — Q) =
+1,sin(0; —0) = £1,co8(O; —O) = 0,8in(60,. — O,) = £1, and cos(O, — O;) = 0. Equation
(8) reduces to

Age'@0 = %[ JyRe™"©®) 1 J R, cosf — iJ, R, sin O sin(0, — O,)].
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Therefore, setting ay = ay — ©., we have

Agsing = —J1 Ry sinfsin(0, — O,),
Agcosag = JogRcos(©, — O) + Ji R, cos b,

Ag = /(JoRcos(©, — O) + JiR.cos§)? + (J R, sin §)?
= /(JoR+ JiR.cos{ — (0. — ©)})2 + (JiR,sin{f — (6, — ©)})2. (95)

Accordingly, egs. (66), (67), and (68) become

R = (JoR+ JiR.cos{ — (6. — ©)))Z, (96)
R. = ((JoR + JiR.cos{f — (O, — ©)}) cos{f — (0. — O)}) Z, (97)
R, = (JiR,sin*{f — (0, — ©)})Z. (98)

By transforming 6 into ' = 0 — (O, — ©) and since Ay g, e is periodic with period 7 and

an even function of #', eqs. (96),(97), eq. (98) can be expressed as

) w/2 T
R= - / d@[}/ df' g(wo + Agrro,—e sint) cos? 1 (JoR + JiR.cosb'), (99)
0 0
) /2 ™
R. .=~ / d@b/ d0' g(wo + Apro,—esint) cos? ¥ (JoR + JiR.cos8')cos ', (100)
T Jo 0
9 /2 T
R, = JlRC—/ dw/ d0' g(wo + Agro,—e sin) cos? ) sin® @, (101)
T Jo 0

where Ay 0,0 = \/(JOR + JiR.cos0)? + (JyRssin0')2.

XI. APPENDIX C. CONDITION ON THE EXISTENCE OF THE PN SOLUTION,
J1 > 2Jy

Let us consider a bifurcation from a solution with B > 0 and R; = 0 to a solution with

R > 0and R; > 0. Let us define X(R) and Y (R) as follows:

2 w/2
X(R) = ;/ dipg(wo + JoRsin 1) cos® 9, (102)
0
2 w/2
Y(R) = - / dig' (wo + JoRsin ) sin 1 cos® . (103)
0

X(R) > 0 follows from eq. (102), since we assumed R > 0. Integrating the right-hand side
of eq. (103) by parts yields

_ZJOR
3

w/2
Y(R) = /0 dibg" (wo + JoRsin 1)) cos* 1. (104)
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Here, we assume that ¢”(x) exists. Note that ¢’(wg) = 0 by definition. Since wy is the unique

maximum of g(w), ¢"(w) < 0 follows. Thus, Y (R) > 0 since R > 0. Defining ¢ = ?};, fo
0
e < 1, from egs. (91) and (92), we obtain
R~ 2J,R (gx - gJ0R52Y> , (105)
3
Ry~ 2]\ R, (X% - 1—2J0R52Y> . (106)

When ¢ =0, Ry = 0. Let us set R = R* at ¢ = 0. Then, from eq. (105), we obtain
1 = 1JoX(R"). (107)
Thus, R* satisfies eq. (80) for the U solution. Furthermore, from eq. (106), we obtain

R*(Jy — 2.Jp)
O e St 1
f 3rJ3Y (R*) (108)

Since Y (R*) > 0, we find that the Pn solution bifurcates from the U solution at J; = 2.J,

and exists when J; > 2J.

XII. APPENDIX D. DERIVATIONS OF THE PHASE BOUNDARIES
A. Boundaries between the S and U phases

We will analyze the SCEs for the unstable Pn solutions (99), (100), and (101) and derive
the boundary between the S and U phases. Assuming R < 1, we can expand Ay g, into
a Taylor series up to O(R).

Jo@c cos ¢’ R,
Ao(0)
Ag(0) = /(Recos0)? + (R, sin 0')2.

Jlf_l(G’) = A9’+@c79 ~ Jlf_l()(e/) +

Thus, we obtain

g(wo + JLA(0") sinv)) ~ g(wy + J1 Ag(0) sin )
JoR.cosb’

—i-g'(wo + Jle(Q/) Slnw)wR sin 1.
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The SCEs become

R~ JoRZy + JiR{cos§/) Z, (109)
R, ~ JyR{cos )¢ Zy + J1 R.(cos* §') Z, (110)
R, ~ JiR,(sin*#') Z, (111)

192 w/2 ™ B
(B) = ——/ dp cos21/1/ db' g(wo + J1 Ag(0') sinv)) B, (112)
Zom Jo 0
9 w/2 ™ B
Zy = —/ di cosQ¢/ db' g(wo + J1 Ag(0") sin ). (113)
T Jo 0

(cos @)y = 0 holds, and by putting R = 0, eqs. (110) and (111) lead us to {cos?&')y =
(sin®@")o. Thus, R. = R, is satisfied on the boundary. Therefore, we have

_ Rl
Ao(0) = R, = 2L
0( ) \/5
A0 ~ J R, + JoRcos ¥,

12 w/2 ™
(B)g = ——/ dip cos® Pg(wo + Ji Re sinw)/ db' B,
Zom Jo 0
w/2
Zy = 2/ dip cos® 1hg(wy + J1 R.sin ).
0
Thus, we obtain
12 w/2
(cost)) ~ E;/o di) cos® 9
X / do’ (g(wo + JiR.sinv) + ¢'(wo + J1 R sint) JyR cos 6 sin w> cosf’
0
1 /2
= EJOR/ dip cos® g (wo + J1 R, sin) sin .
0
Equation (109) becomes
w/2
R~ 2J0R/ dip cos? hg(wo + Ji Resin )
0
w/2
+JoJ1RR, / dip cos? g (wo + Jy Resin) sin . (114)
0
Thus, on the boundary, we have
/2
1= 2J0/ dip cos® hg(wy + J1 R sin )
0

w/2
—l—JoJch/ dip cos? g (wo + J1 R, sin) sin . (115)
0
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On the other hand, on the boundary, eq. (110) becomes

/2
R. = JiR.(cos®>0)oZy = JlRC/ dip cos? hg(wo + J1 R sin ). (116)
0
This is nothing but the SCE (82) for the stable S solution. Therefore, eq. (115) becomes
JO /2 2 / . .
1= 27 + Jo iR, dip cos” g’ (wo + J1 R, sine) sin . (117)
1 0
This can be rewritten as
2 w/2
Jo = [7 + Jch/ dibg' (wo + J1 R sin 1) cos® ¢ sin ] 1, (118)
1 0

which is the formula of the boundary between the S and U phases. We define g(z) =
T

og(wy + ox), and consequently, §'(z) = 02¢'(wo + ox) follows. Defining J; = —, we can
o

rewrite eqs. (116) and (118) as

_ /2 _

R.= JiR, / dip cos® g(Jy R, sin)), (119)
0

_ 2 _ /2 _

Jo = [7 + Jch/ dig'(J1 Resin ) cos® i sin ] . (120)
1 0
If g(w) is a Gaussian distribution with mean wy and standard deviation o, we have
1 2 1 2
g(z) = e /2, §(x)=—x e /2,

V2 V2

B. Boundary between S and Pn phases

The boundary between S and Pn phases is obtained from the SCEs for the unstable Pn
solution by putting R. = 0. Assuming R. < 1, we can expand A(#') into a Taylor series up
to O(R,). Defining A(#') = J;A(#')/o, we obtain

A0 (JoR + JR.cos )% 4 (J, R, sin 0')?2

T 7T /

@) + J0J11?Rc cos
Ao(0")

1210(9') = (joR)2 + (leS sin 9/)2.

I
P

12
=

I

Accordingly, we have

glwo + JIA(#) sin ) = g(wo + o Ag(6') sin ¢))

. JoJiRR, cos
+¢ (wo + 0 Ag(8') sin 1)) 071 cos

Ao(6")

osiny.
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The SCE (100) for R, becomes

) w/2 T R 3
R.~ = / dip cos® / de’ (g(Ao(e’) sin)J; R,
0 0

T
(JoR)*J1 R,

Ao(0)
Thus, the boundary between the S and Pn phases is given by

+§' (Ao(#') sin 1) sin w) cos* @', (121)

9 _ w/2 ™ .
1= %Jl/o dip cos® w_/o dy’ <§(A0(0’) sin )

A : JoR)* . )
+§'(Ap(#') sin (A sin1 ) cos? ' 122
3 (Ao(®) i) S i (122
On the other hand, on the boundary, the SCEs (99) and (101) for R and R, become
_ 9 w/2 ™ .
R = O'J()R—/ dip cos® ¢/ db' g(wo + 0 Ag(0') sinv), (123)
T Jo 0
B 9 w/2 ™ .
R, = 0J1RS—/ dip cos® w/ d0' g(wo + 0 Ag(6') sinap) sin? . (124)
T Jo 0

Since R. = 0 on the boundary, Ry = R, holds. Furthermore, since the integrand is symmetric
with respect to 0’ = g, changing the integral range from [0, 7] to [0, g] and making a variable

T
transformation 6’ — 5~ 0" yield

3 w/2 w/2 B
R = UJORé / di) cos® w/ db" g(wo + g Ag(6") sin ), (125)
T Jo 0
_ 4 w/2 w/2 N
Ry =0JiRi— / dip cos® w/ d0" g(wo + o Ag(0") sinvp) cos® §”, (126)
T Jo 0
Ao(0") = Aol — 8") = /(o) + (J: Ry cos 7). (127)

These are nothing but the SCEs (91), (92), and (93) for the stable Pn solution. Now, let us

summarize the formulae of the boundary between the S and Pn solutions.

3 4 /2 ) w/2 ,
Ji = [—/ di) cos w/ de
0 0

T
~( A ! o ~1(A (A" o (jOR)2 : s 2 nir—1
X (g(A0(0 )sine) + §'(Ap(0") sinv)) 20(8) smw) sin” 6”77, (128)
0
3 w/2 /2 B
R = JOR%/O di cos® w/o d0"g( Ag(0")sinv), (129)
/2 w/2
Ry = lel%/ dy COSQw/ d0" §(Ao(0") sin 1)) cos? 6" (130)
0 0
Ao(8") = [ (JoR)? + (Jy Ry cos 0")2, (131)
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XIII. APPENDIX E. DERIVATION OF THE SCES FOR THE SPINNING SO-
LUTION AND PENDULUM SOLUTION FOR MODEL 2

In model 2, the interaction is given by
1
Joor = N[Jm cos{m(0 — 0')} + J, cos{n(6 — 0")}], (132)

where m and n are positive integers, and we assume m < n. Order parameters are defined

as
Rye™®re = N 29: cos(k@)e'” (133)
Ryse©rs = N 29: sin(k6)e'” . (134)

k is m or n. As usual, we assume that Rj. and R, tend to be constant and Oy, —
wot + O, Os = wot + O} as t tends to oo, and O], and O}, are constant. The evolution

equation for ¢y reduces to

EQ&@ = Wy — A@ Sin(¢9 — wot — Oég),

Agc’™? = 7 Ji[Ric cos(kO)e'%e + Ry sin(k0)e %) (135)

k=m,n
Defining 1y = ¢ — wot — vy, the evolution equation becomes

d
%@Z}g = Wy — Wy — Ag sin wg. (136)

The order parameters are calculated as follows:

2
Ree=— [ db / A (0, 1) cos(kf)e!VHae=Or) (137)
27T —7/2
w/2
Ris = — d@/ dyng(0 sm(k:@) Ytap—64,) (138)
w/2

From these equations, we obtain

Ry =2 Z Ji[Ryse(cos(k'8) cos(k))e!Ore™O%ke)

k'=m,n
+ Ry (sin(K'0) cos(kf))e'Crrs=%ke)], (139)
Ry = Z Z Ji[Rye(cos(k'6) sin(kf)) e OreOhks)
k'=m,n
+ Ry (sin(k'8) sin(k6)) " @ —O%s)). (140)
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Z and (-) mean the same as before. That is,

w/2 2w
(B) = ll/ d¢/ dfg(wy + Agsin) cos® B, (141)
Z7 Jy 0
1 /2 2m
Z = —/ d@b/ dfg(wo + Agsina)) cos? 1. (142)
T Jo 0

We further define R, and ¢, by Ry + iRy, = Rpe’*?*. For simplicity, we omit primes from

the Os except for the expressions of oy ad ¢j.

A. Spinning solution

First, let us study the Spinning solution. We will assume R,, > 0, R, = 0 and examine
the auxiliary equations, which are the imaginary parts of egs. (139) and (140).

R, sin(m,, ) (cos(mB) sin(m@)) sin(O,,. — Opms) = 0, (143)

R, cos(mep,y, ) {cos(mf) sin(md)) sin(O,,. — O,,s) = 0. (144)

These equations are similar to egs. (72) and (73) in Appendix A. Therefore, for the stable

S solution, cos(O,,. — Ons) = 0 and (cos(mb) sin(mb)) = 0 follow, and Ay becomes

Ag = Ju/ (Rone cos(mB))2 + (R sin(m#))?

= JmRm\/% (1 + cos(2mp,,) cos(2m9)) : (145)

The SCEs are derived from the real parts of eqs. (139) and (140).

Rone = J RineZ (cos?(mb)), (146)
Rons = Jm R Z (sin”(mb)). (147)
R,,. + iR,,s becomes
R = J Ry Z (cos(mepy, ) (cos®(mb)) + i sin(mepy, ) (sin®(m#))) (148)
and eq. (148) is rewritten as
1= %JmZ(l + e 2 (cos(2md))). (149)
The real and imaginary parts of eq. (149) are
1= %JmZ(l + cos(2mpy,)(cos(2mb))). (150)
0= %Jm sin(2me,, ) (cos(2m@)). (151)
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Since in model 1, R.Rs # 0 holds for the stable Spinning solution, we assume that R,,.R,.s #
0. Thus, sin(2mep,,) # 0 and (cos(2m#)) = 0 follow from eq. (151). Therefore, we obtain
cos(2me,,) = 0 from eq. (145) and then R,,. = R,s = \%Rm, Ag = IR Thus, eq. (150)

becomes
1==J.2, (152)
that is,
w/2
1= Jm/ dig(wo + J Rome sin ¢) cos® 1. (153)
0

This equation is the same as eq. (29) for the stable Spinning solution. The critical point is

JO = g9 = —on i 2.5 (154)
The synchronized solution is
ag = O, F mb,
Gy = wot + Yy + ap = wot + sin~! (C:)]@ ;%w0> + O, Fmb. (155)

The phase of the solution changes by +27m when 6 changes by 2m; that is, its rotation

number is m.

B. Pendulum solution

Here, we assume R, R, > 0. From the imaginary part of eq. (139) with £ = m and the

imaginary part of eq. (139) with k£ = n, we obtain

— J Rop sin (g, {cos(m8) sin(mf)) sin(O,me — Oums)
T Ry[cos(npy) (cos(mb) cos(nd)) sin(One — Ope)

+ sin(ney ) (cos(mb) sin(nd)) sin(Ons — Ope) = 0,

Jm Rin[cos(mipn, ) (cos(nb) cos(mb)) sin(Opc — Ope)

+sin(my,) (cos(nf) sin(m6)) sin(O . — O]

4T, R, sin(ngy,) (cos(nd) sin(nf)) sin(©,, — Ope) = 0. (156)
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The sufficient conditions for these equations are that the coefficients of R,, ad R, are 0.

Accordingly, we obtain

sin(mey, ) (cos(m@) sin(md)) sin(O,,. — O,,5) = 0,
Jn Ry, sin(ngp,, ) (cos(nf) sin(nh)) sin(6,,. — O,5) = 0.

(157)
(158)

For the Pendulum solution, we assume sin(0,,. — 0,,s) = 0 and sin(0,,. — 6,,5) = 0 because

similar conditions are obtained in model 1 for the stable Pn solution.

(Imaginary part of eq.(139) with £ = m) + (ix imaginary part of eq.(140) with k = m),

and (the imaginary part of eq.(139) with k = n) + ((—i)x imaginary part of eq.(140) with

k = n) reduce to

SiH(@nc B @ms)<el’m0COS(®mc7®ms) COS{H(QI N é)}> _ O,

SIN(Ope — Opys) (€10 5(One=Ons) cog(mf')) = 0.
Here, we define

0 = pre©re™Oks) — cos(Ok. — Oks), 0=0,—0, =0—0,.

(159)
(160)

We assume that sin(©,. — O,,5) # 0. From the real and imaginary parts of eq. (159), we

obtain

(cos(mB) cos{n(8' —)}) =0,
(sin(m#) cos{n(#’ — 6)}) = 0.

From the real and imaginary parts of eq. (160), we obtain

(cos(nf) cos(mB")) = 0,
(sin(nf) cos(mb")) = 0.

(eq. (161)4+ 7 eq. (162)) and (eq.(163)+ i eq.(164)) reduce to

(e™ cos{n(0' —)}) =0,

(e cos(mb')) = 0,
where 6 has been replaced with ¢ + 6,,,. From eq. (166), we obtain

(cos{(m +n)0'} 4+ cos{(n —m)#'}) = 0,
(sin{(m + n)#'} + sin{(n —m)6'}) = 0.
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On the other hand, by using eq. (166), eq. (165) reduces to
(sin{(n —m)# — nd}) = 0. (169)
Ag = Ag g, is expressed as

Apig,. = ((JmRm)2 cos?(m8') + (JuRn)? cos®{n(8' — 6)}
+ Ty R Ry, c08(One — Os) €08(0,0 — @ms)[cos(né) (cos{(m +n)0'} + cos{(n — m)@’})

i 1/2
+ sin(nd) (sin{(m + n)0'} + sin{(n — m)@'})]) : (170)

08(Ope — Opns) cos(nf) = 0 and cos(0y,. — Oy,s) sin(nfd) = 0 follow from eqs. (167) and (168).
That is,

co8(Ope — Ops) = 0. (171)

Therefore, we obtain

2

Agig,. = \/(JmRm Cos(m@’))2 + (Jn Ry cos{n(0’ — 5)}) : (172)

(cos{(m+n)#'}) =0 and (sin{(m+n)d'}) = 0 follow from eq. (172) because n # m. Thus,
egs. (167) and (168) reduce to
(cos{(n —m)0'}) =0, (173)
(sin{(n —m)0'}) = 0. (174)

Therefore, eq. (169) is satisfied. If n # 3m, conditions (173) and (174) are automatically

satisfied. For simplicity, we will assume n # 3m. Thus, the conditions for Pn are
Sin(O,,c — Ops) = 0, sSin(Ope — Op5) = 0, co8(Ope — Ops) = 0. (175)

Now, let us study the SCEs, which are the real parts of eqs. (139) and (140). (The real part
of eq. (139) with k = m) + (ix the real part of eq. (140) with £ = m) and (the real part
of eq. (139) with k =n) + (ix the real part of eq. (140) with k = n) give the SCEs,

I 2 o

1 5 <1 esz@ cos(@mcf@ms)>7 (176)
JnZ ; / 0

1 : <1 ean(G —0) COS(@nC—@n5)>. (177>
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The real and imaginary parts of eq. (176) are

1 = JnZ{cos*(m#")), (178)
(sin(2mB")) = 0. (179)

The real and imaginary parts of eq. (177) are

1= J,Z{cos*{n(0 —0)}), (180)
(sin{2n(6' — 6)}) = 0. (181)

Equation (179) is automatically satisfied since Ay does not contain the factor sin(2mé’).

From eq. (181), we have
(sin(2nd')) cos(2nd) = (cos(2nd')) sin(2nb). (182)

The sufficient condition for this is cos(2n8) = 0 or sin(2nf) = 0, and it determines the value
of 6.
Therefore, the SPEs are

1 = J,,Z{cos*(m#)), (183)
1= J,Z{cos*{n(0' —6)}). (184)

By changing the variable from 6 to ¢, the SPEs can be expressed as
J w/2 27
1= / dw/ d0 g(wo + Agr,g,, sint) cos® ¥ cos®(md’), (185)
T Jo 0

w/2 27 B
1= In / dw/ d0' g(wo + Agryg,, sine) cos® ¢ cos”{n(0' — 6)}, (186)
T Jo 0

where Ay 5 = \/(JmRm Cos(mH’))2 + (Jn Ry cos{n(0" — 5)})2 Setting gy = ay — Opys, We

have

Agcosay = Jp Ry c08(0e — Ops) cos(mb’), (187)
Agsinag = J, R, sin(0,,. — O,,5) cos{n(d' — é)} (188)
Thus,
¢ = wot + sin ! (w"gewo) +ag+0.,. (189)
This formula shows that the rotation number can take on values of 0, £1,--- ,£m.

44



