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We analyze the online learning of a Perceptron (student) from signals produced by a single Perceptron
(teacher) in which both the student and the teacher suffer from external noise. We adopt three typical
learning rules and treat the input and output noises. In order to improve learning when it fails in the sense
that the student vector does not converge to the teacher vector, we use a method based on the optimal
learning rate. Furthermore, in order to control learning, we propose a concrete method for the Perceptron
rule in the output noise model. Finally, we analyze time domain ensemble online learning. The
theoretical results agree quite well with the numerical simulation results.
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1. Introduction

We study the online learning of a single Perceptron1) from
signals produced by a single teacher. We assume that both
the teacher and the student suffer from external noise, and
we adopt the Hebbian,2) Perceptron1) and AdaTron3) rules as
learning rules.4) In our previous paper, we studied a similar
system in which only the teacher suffers from external
noise.5,6) There have been many other studies that focus on
the case of a single teacher.7–12) The main purpose of the
present study is to improve learning when it fails in the sense
that the student vector does not converge to the teacher
vector.13) The results are as follows: When learning fails, the
teacher can be identified using the optimal learning rate. We
can obtain the asymptotic form of the generalization error
using the optimal learning rate for the three learning rules.
Furthermore, in order to control learning, we propose a
concrete method for the Perceptron rule in the output noise
model. Finally, we analyze time domain ensemble learning
and derive the formula of the direction cosine between the
teacher vector and the averaged student vector.

The paper is organized as follows: In §2, the formulation
for online learning is given. In §3 and §4, the learning with a
constant learning rate and that with an optimal learning rate
are analyzed, respectively. In §5, we study the control of
learning, and in §6, we analyze the time domain ensemble
learning. Section 7 is devoted to the summary and discussion.
In the appendix, we list useful integration formulas in order to
derive the differential equations for order parameters.

2. Formulation

We consider the supervised learning of a Perceptron in the
presence of noise. Let J and B be the student and teacher
vectors, respectively. We assume that these are N-dimen-
sional vectors. We also assume that jBj ¼ 1. Let � be an N-
dimensional example vector. We assume that its component

�i takes �1 and is drawn independently with the probability
Pð� ¼ 1Þ ¼ 1� Pð� ¼ �1Þ ¼ 1=2. When there is no noise,
the output S generated by the student J for � is given by

S ¼ sgnðJ � �Þ; ð1Þ

where J � � denotes the inner product of J and �, sgnðxÞ ¼ 1

for x � 0, and sgnðxÞ ¼ �1 for x < 0. When there is no noise,
the output T generated by the teacher B for � is given by

T ¼ sgnðB � �Þ: ð2Þ

In this paper, we treat the cases in which both the teacher
and student noises exist. We assume that the teacher and
student noises are independent. We consider the output and
input noises. Let PT be the probability of T ¼ 1 and PS be
the probability of S ¼ 1. Since PT and PS depend on y ¼
B � � and x ¼ ĴJ � � in the present model, respectively, we
denote them as PTðyÞ and PSðxÞ. Here, ĴJ ¼ J=J, and J ¼ jJj
is the norm of J. In the output noise model, these are given
by

PTðyÞ ¼
1

2
½1þ kT sgnðyÞ�; ð3Þ

PSðxÞ ¼
1

2
½1þ kS sgnðxÞ�: ð4Þ

In the input noise model, T and S are given by

T ¼ sgn½B � ð�þ �TÞ�; ð5Þ
S ¼ sgn½ĴJ � ð�þ �SÞ�; ð6Þ

where �T and �S are the teacher and student noises,
respectively. Each component �Ti of �T is assumed to be
independently drawn from the Gaussian distribution of the
mean 0 and the standard deviation �T, and each component
�Si of �S is assumed to be independently drawn from the
Gaussian distribution of the mean 0 and the standard
deviation �S. Then, PT and PS are expressed as

PTðyÞ ¼ H �
y

�T

� �
; ð7Þ

PSðxÞ ¼ H �
x

�S

� �
; ð8Þ
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where HðyÞ ¼
R1
y

Du and Du ¼ du=
ffiffiffiffiffiffi
2�
p

expð�u2=2Þ. We
adopt the following learning algorithm for the output noise
model

J t þ
1

N

� �
¼ JðtÞ þ

1

N
��TF ; ð9Þ

and for the input noise model

J t þ
1

N

� �
¼ JðtÞ þ

1

N
�ð�þ �SÞTF ; ð10Þ

where � is the learning rate and F is the learning rule. In the
latter case, the term � in the noiseless case is replaced by
�þ �S, because the student receives examples which suffer
from external noises.

We consider the following three learning rules:

Hebbian rule: F ¼ 1; ð11Þ
Perceptron rule: F ¼ �ð�TSÞ; ð12Þ
AdaTron rule: ð13Þ
F ¼ j� � Jj�ð�TSÞ for the output noise model; ð14Þ
F ¼ jð�þ �SÞ � Jj�ð�TSÞ for the input noise model;

ð15Þ
where �ðxÞ ¼ 1 for x � 0 and �ðxÞ ¼ 0 for x < 0. We
define the order parameters Q ¼ J2 and R ¼ J � B. In
addition to Q and R, J ¼

ffiffiffiffi
Q
p

and ! ¼ R=J are also used.
The generalization error �g is defined by

�g ¼ h�ð�STÞi�; ð16Þ

where h�i� denotes the average over examples and noises.
Now, let us consider a way of taking the average over
examples and noises. As an example, let us consider a
function of x, y, S, and T , f ¼ f ðx; y; S;TÞ. The average over
noises h f inoise is taken using PTðyÞ and PSðxÞ as

h f inoise ¼
X
S¼�1

X
T¼�1

PTðTyÞPSðSxÞ f ðx; y; S;TÞ; ð17Þ

since the student and teacher noises are assumed to be
independent. Here, we use the fact that the probabilities of
S ¼ �1 and T ¼ �1 are expressed as PSðSxÞ and PTðTyÞ,
respectively. See eqs. (3), (4), (7), and (8). The average over
examples � is replaced by the average over x and y. Because
�s are independent random variables, x ¼

P
i ĴJi�i and y ¼P

i Bi�i are random variables and obey a Gaussian distribu-
tion by the central limit theorem. The means, variances, and
covariance for x and y are calculated as hxi ¼ 0, hyi ¼ 0,
hx2i ¼ 1, hy2i ¼ 1, and hxyi ¼ !. Thus, the Gaussian
probability density for x and y, Pðx; yÞ, is given as

Pðx; yÞ ¼
1

2�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2
p

� exp �
1

2ð1� !2Þ
ðx2 þ y2 � 2!xyÞ

� �
: ð18Þ

Therefore, h f i� is calculated using

h f i� ¼ hh f inoiseisample ¼
Z 1
�1

dx

Z 1
�1

dy Pðx; yÞh f inoise

¼
Z 1
�1

dx

Z 1
�1

dy Pðx; yÞ

�
X
S¼�1

X
T¼�1

PTðTyÞPSðSxÞ f ðx; y; S; TÞ: ð19Þ

Then, �g is calculated using

�g ¼ h�ð�STÞi�

¼
Z 1
�1

dx

Z 1
�1

dy Pðx; yÞfPTðyÞ½1� PSðxÞ�

þ ½1� PTðyÞ�PSðxÞg: ð20Þ

In the next section, for a constant learning rate, we derive
the differential equations for order parameters for both the
output and input noise models, and compare the theoretical
and numerical results.

3. Constant Learning Rate

3.1 Output noise model
The generalization error �g is calculated as

�g ¼
1� kTkS

2
þ

kTkS

�
cos�1ð!Þ: ð21Þ

From eq. (9), we obtain the differential equations for Q

and R:10)

dQ

dt
¼ 2�hðJ � �ÞTF i� þ �2hF 2i�; ð22Þ

dR

dt
¼ �hðB � �ÞTF i�: ð23Þ

Here, we assume self-averaging.14) Since F is expressed as
F ½J; x;T ; S�, these equations are rewritten as

dQ

dt
¼ 2�JhxTF ½J; x;T ; S�i� þ �2hF 2½J; x; T ; S�i�; ð24Þ

dR

dt
¼ �hyTF ½J; x; T ; S�i�: ð25Þ

The equations for J and ! are

dJ

dt
¼ �hxTF ½J; x; T ; S�i� þ

�2

2J
hF 2½J; x;T ; S�i�; ð26Þ

d!

dt
¼
�

J
hðy� !xÞTF ½J; x;T ; S�i�

�
!�2

2J2
hF 2½J; x; T ; S�i�: ð27Þ

The average over noises and examples is calculated using
PSðxÞ, PTðyÞ, and Pðx; yÞ. By performing the average over x
and y, we get equations for Q, R, J, and !.

In the Hebbian rule, we get the differential equations for
order parameters as

dR

dt
¼ �kT

ffiffiffiffi
2

�

r
; ð28Þ

dQ

dt
¼ 2J�kT

ffiffiffiffi
2

�

r
!þ �2; ð29Þ

dJ

dt
¼ �kT

ffiffiffiffi
2

�

r
!þ

�2

2J
; ð30Þ

d!

dt
¼
�kT

J

ffiffiffiffi
2

�

r
ð1� !2Þ �

!�2

2J2
: ð31Þ

These are the same as those in the case in which only
the teacher suffers from noise. This case has been studied
and the differential equations have been solved analyti-
cally.15)

In the Perceptron rule, we get the differential equations for
order parameters as
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dR

dt
¼

�ffiffiffiffiffiffi
2�
p ðkT � !kSÞ; ð32Þ

dQ

dt
¼

2�Jffiffiffiffiffiffi
2�
p ð!kT � kSÞ þ �2�g; ð33Þ

dJ

dt
¼

�ffiffiffiffiffiffi
2�
p ð!kT � kSÞ þ

�2

2J
�g; ð34Þ

d!

dt
¼

�kTffiffiffiffiffiffi
2�
p

J
ð1� !2Þ �

!�2

2J2
�g: ð35Þ

In the AdaTron rule, the equations for order parameters
are given as

dR

dt
¼
�J

2

�
ðkT � kSÞ!þ

2

�
kT

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2
p

�
2kT

�
! cos�1ð!Þ

�
; ð36Þ

dQ

dt
¼ �

�

2
� kS

� �
J2 þ �J2kTð2� �kSÞ

�
1

2
�

1

�
cos�1ð!Þ þ

!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2
p� �

; ð37Þ

dJ

dt
¼
�

2

�

2
� kS

� �
J þ

�J

2
kTð2� �kSÞ

�
1

2
�

1

�
cos�1ð!Þ þ

!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2
p� �

; ð38Þ

d!

dt
¼
�kT

�
ð1� !2Þ3=2

�
�2!

2
�g � kTkS

!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2
p� �

: ð39Þ

3.2 Input noise model
The generalization error �g is calculated as

�g ¼
1

�
cos�1 !ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ �2
TÞð1þ �2

SÞ
p� �

: ð40Þ

From eq. (10), we obtain the differential equations for Q

and R:10)

dQ

dt
¼ 2�hðJ � ð�þ �SÞTF i� þ

1

N
�2hð�þ �SÞ2F 2i�; ð41Þ

dR

dt
¼ �hðB � ð�þ �SÞTF i�: ð42Þ

Here, we assume self-averaging. Now, F depends on J, x,
T , S, and v, where v ¼ ĴJ � �S. Since S ¼ sgn½Jðxþ vÞ� ¼
sgnðxþ vÞ, F is expressed as F ½J; x; v;T�. The factor
ð�þ �SÞ2 in the second term on the right-hand side of
eq. (41) can be calculated as

ð�þ �SÞ2 ¼ N þ
X
i

ð2�i � �S
i þ ð�

S
i Þ

2Þ

¼ N þOðN0Þ þ N�2
S; ð43Þ

where we used the fact that N is very large, and � and �S are
statistically independent.16) Then, the above equations are
rewritten as

dQ

dt
¼ 2�Jhðxþ vÞTF ½J; x; v;T�i�
þ �2ð1þ �2

SÞhF 2½J; x; v; T�i�; ð44Þ
dR

dt
¼ �hðyþ uÞTF ½J; x; v;T�i�; ð45Þ

where u ¼ B � �S. The equations for J ¼
ffiffiffiffi
Q
p

and ! ¼ R=J
are

dJ

dt
¼ �hðxþ vÞTF ½J; x; v;T�i�

þ
�2

2J
ð1þ �2

SÞhF 2½J; x; v;T�i�; ð46Þ

d!

dt
¼
�

J
h½yþ u� !ðxþ vÞ�TF ½J; x; v;T�i�

�
!�2

2J2
ð1þ �2

SÞhF 2½J; x; v;T�i�: ð47Þ

The average over the teacher noise �T is taken independently
of other averages and is calculated using the probability
PTðyÞ. On the other hand, the average over the student
noise �S of the quantity A is replaced with hAiu;v 	R1
�1 dx

R1
�1 dy P2ðu; vÞA. Here, the probability distribution

P2ðu; vÞ is given by the Gaussian distribution with hui ¼ 0,
hvi ¼ 0, hu2i ¼ hv2i ¼ �2

S and huvi ¼ !�2
S. The average

over examples � is calculated using Pðx; yÞ, as in the output
noise case. By performing the average over examples and
noises, we get equations for Q, R, J, and !.

In the Hebbian rule, we get the differential equations for
order parameters as

dR

dt
¼ �

ffiffiffiffi
2

�

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2
T

p ; ð48Þ

dQ

dt
¼ 2�J

ffiffiffiffi
2

�

r
!ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2
T

p þ �2ð1þ �2
SÞ; ð49Þ

dJ

dt
¼ �

ffiffiffiffi
2

�

r
!ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2
T

p þ
�2

2J
ð1þ �2

SÞ; ð50Þ

d!

dt
¼
�

J

ffiffiffiffi
2

�

r
1� !2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p �
�2!

2J2
ð1þ �2

SÞ: ð51Þ

In the Perceptron rule, we get the differential equations for
order parameters as

dR

dt
¼

�ffiffiffiffiffiffi
2�
p

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p � !
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

S

q !
; ð52Þ

dQ

dt
¼

2�Jffiffiffiffiffiffi
2�
p

!ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

S

q !
þ �2ð1þ �2

SÞ�g; ð53Þ

dJ

dt
¼

�ffiffiffiffiffiffi
2�
p

!ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

S

q !
þ
�2

2J
ð1þ �2

SÞ�g; ð54Þ

d!

dt
¼

�ffiffiffiffiffiffi
2�
p

J

1� !2ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p �
!�2

2J2
ð1þ �2

SÞ�g: ð55Þ

In the AdaTron rule, the equations for order parameters are
given as

dR

dt
¼
�J

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !2

p
1þ �2

T

� �J!ð1þ �2
SÞ�g; ð56Þ

dQ

dt
¼ 2�J2 �

2
ð1þ �2

SÞ � 1

� �
� ð1þ �2

SÞ�g �
!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !2

p
1þ �2

T

" #
; ð57Þ

dJ

dt
¼ �J

�

2
ð1þ �2

SÞ � 1

� �
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� ð1þ �2
SÞ�g �

!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !2

p
1þ �2

T

" #
; ð58Þ

d!

dt
¼ �

 
1þ !2 �

2
ð1þ �2

SÞ � 1

� �� �

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !2

p
�ð1þ �2

TÞ
�
�!

2
ð1þ �2

SÞ
2�g

!
: ð59Þ

The asymptotic values of J and ! are given in Table I.

3.3 Numerical results
In this subsection, we give the results of numerical

integrations of differential equations by the Runge–Kutta–
Gill (RKG) method and the results of numerical simulations.

In Figs. 1–4, we show the numerical and theoretical
results for Perceptron and AdaTron rules in the output and
input noise models. The agreements between the numerical
and theoretical results are quite well.

For the Perceptron rule in the output noise model, learning
succeeds for kT � kS, but fails for kT < kS. See Fig. 1. For
other cases, learning always fails. See Figs. 2–4. In Fig. 4,

we show the results of the three cases of �S <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=�Þ � 1
p

,
�S ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=�Þ � 1
p

, and �S >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=�Þ � 1
p

and confirm that, as
t!1, J tends to 0, constant and 1, respectively.

In order to improve learning in the case that learning fails,
we consider the optimal learning rate firstly.

4. Optimal Learning Rate

We study the optimal learning rate �opt, which is
determined by the following relation:10)

8t � 0:
@

@e�� d

dt
�g

� �
¼ 0: ð60Þ

e�� is �=J for the Hebbian and Perceptron rules, and � for the
AdaTron rule. Since �g is a function of !, the relationship is
equivalent to

8t � 0:
@

@e�� d

dt
!

� �
¼ 0: ð61Þ

The differential equation for ! is expressed as

d

dt
! ¼ a ~���

b

2
~��2: ð62Þ

Table I. Asymptotic values of J and !.

Model Learning rule !� J�

Output Hebbian 1 1
Perceptron 1 1 kT > kS

1 1 (J ’
ffiffi
t
p

) kT ¼ kS

kT

kS

�

ffiffiffiffi
�

2

r
kS

k2
S � k2

T

�g kT < kS

AdaTron 0 < !� < 1 1 or 0

Input Hebbian 1 1

Perceptron
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ �2
SÞð1þ �2

TÞ
p �

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�ð1þ �2

SÞ
p

1� ½ð1þ �2
TÞð1þ �2

SÞ��1

AdaTron 0 < !� < 1 0 �S <

ffiffiffiffiffiffiffiffiffiffiffiffi
2

�
� 1

r
; ð� < 2Þ

0 < !� < 1 1 �S >

ffiffiffiffiffiffiffiffiffiffiffiffi
2

�
� 1

r
; ð� < 2Þ

0 < !� < 1 constant �S ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2

�
� 1

r
; ð� < 2Þ

0 < !� < 1 1 � � 2

 0
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t
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ω

Fig. 1. Time dependences of J and ! for output noise model and Perceptron learning rule. � ¼ 1. Curves are theoretical results (RKG) and symbols are

numerical results (N ¼ 1000). Solid curve and +: kT ¼ 0:7; kS ¼ 0:7; dashed curve and �: kT ¼ 0:7; kS ¼ 0:8; dotted curve and �: kT ¼ 0:8; kS ¼ 0:7;

dotted-dashed curve and square: kT ¼ 0:8; kS ¼ 0:8. Left panel, J. Right panel, !.
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Fig. 4. Time dependences of J and ! for input noise model and AdaTron learning rule. �T ¼ �S ¼ 0:2. Curves are theoretical results (RKG) and symbols

are numerical results (N ¼ 1000). Solid curve and +: � ¼ 1 ð�S <
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=�Þ � 1
p

Þ; dashed curve and �: � ¼ 2=1:04 ð�S ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=�Þ � 1
p

Þ; dotted-dashed

curve and square: � ¼ 2=1:01 ð�S >
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2=�Þ � 1
p

Þ. Left panel, J. Right panel, !.
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From this, the optimal learning rate ~��opt and the differential
equation obtained using ~��opt are derived as

~��opt ¼
a

b
;

d

dt
! ¼

a2

2b
; ð63Þ

where a and b are given in Table II. It is easily proved that
!! 1 as t!1, that is, learning succeeds. Let us define
~��g 	 �g,min � �gð!Þ, where �g,min ¼ �gð! ¼ 1Þ. Asymptotic
forms of ~��opt and ~��g,opt, which is ~��g evaluated for e��opt, are
shown in Table III. In Fig. 5, we show the numerical and
theoretical results for ! in the Perceptron and AdaTron rules.
In the theoretical calculation and numerical simulations, we
used the asymptotic forms of e��opt as �. We find that the
agreements between the theoretical and numerical results are
fairly well.

5. Control of Learning

In the output noise model for the Perceptron learning rule,
learning succeeds for kT � kS, but fails for kT < kS. This is
a rather surprising result. Let us consider the situation of
kS ¼ a > kT, where a is some positive value less than 1. In
this case, learning fails. If kS is decreased from a with kT

fixed, learning becomes better and, at kS ¼ kT, it succeeds.
That is, when the student noise is increased, learning
becomes better and when it is decreased, learning becomes
worse. We can use this fact to control learning by inten-
tionally reversing the student’s output. Suppose that learning
fails. We introduce the control parameter kSC and reverse
the student output with the probability ð1� kSCÞ=2. Then,
the net probability that the student’s output is reversed is

Table II. a and b for each learning rule in output and input noise models.

Output Hebbian Perceptron AdaTron

a kT

ffiffiffiffi
2

�

r
ð1� !2Þ

kTffiffiffiffiffiffi
2�
p ð1� !2Þ

kT

�
ð1� !2Þ3=2

b ! !�g ! �g �
kTkS!

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !2
p� �

Input Hebbian Perceptron AdaTron

a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

�ð1þ �2
TÞ

s
ð1� !2Þ

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�ð1þ �2

TÞ
p ð1� !2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !2

p
�ð1þ �2

TÞ
ð1� !2Þ

b !ð1þ �2
SÞ !ð1þ �2

SÞ�g
!

�
ð1þ �2

SÞ

"
ð1þ �2

SÞ��g � !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !2

p
1þ �2

T

#

Table III. Asymptotic forms of optimal learning rate e��opt and ~��g,opt for t 
 1. ��g,min ¼ �gð! ¼ 1Þ.

Output Hebbian Perceptron (kT < kS) AdaTron

e��optðtÞ
1

kT

ffiffiffiffi
�

2

r
t�1

ffiffiffiffiffiffi
2�
p

kT

t�1 �2

4k2
Tð1� kTkSÞ

� �1=4

t�3=4

~��g,opt
kSffiffiffiffiffiffi
2�
p t�1=2 kS

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� kTkS

�

r
t�1=2 k2

Tð1� kSkTÞ
4�2

� �1=4

kSt
�1=4

Input Hebbian Perceptron (kT < kS) AdaTron

e��optðtÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p ffiffiffiffi
�

2

r
t�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�ð1þ �2

TÞ
p

t�1 �ð1þ �2
TÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ �2
TÞð1þ �2

SÞ � 1
p t�1

~��g,opt
ð1þ �2

TÞð1þ �2
SÞ

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � 1

p t�1
ð1þ �2

TÞð1þ �2
SÞ��gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ �2
TÞð1þ �2

SÞ � 1
p t�1

ð1þ �2
TÞð1þ �2

SÞf�ð1þ �2
TÞð1þ �2

SÞ��g �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � 1

p
g

2fð1þ �2
TÞð1þ �2

SÞ � 1g3=2
t�1
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ð1� kSkSCÞ=2. That is, the substantial parameter for the
student is k̂k ¼ kSkSC, instead of kS. If kT > kSkSC, learning
succeeds. Suppose that we observe the generalization error
�g by decreasing kSC from 1. When kSC reaches its critical
value k�SC, �g reaches its minimum value �g,min. The critical
value is given by

k�SC ¼
kT

kS

: ð64Þ

For kSC < k�SC, �g is constant and is �g,min. Thus, k�SC is
estimated by identifying the value at which �g becomes con-
stant as kSC is decreased. On the other hand, �g,min is given as

�g,min ¼
1� kTkSk

�
SC

2
¼

1� k2
T

2
: ð65Þ

By numerically measuring k�SC and �g,min, we can estimate
both kS and kT using eqs. (64) and (65). We show results
of numerical simulations in Fig. 6 and find that when kSC

becomes smaller than the critical value k�SC ¼ 7=9, learning
succeeds.

6. Time Domain Ensemble Learning

Now, we consider another method of making learning
successful when it fails. The method is time averaging.
Previously, we formulated it when only the teacher suffers
from external noise.6) We extend the theory to the present
case in which both the teacher and the student suffer from
external noise. Let us briefly explain the formulation of time
domain ensemble learning.

We consider a two-time-correlation function qðt; sÞ 	
JðtÞ � JðsÞ.17) The differential equation for qðt; sÞ with respect
to s for t � s is given by

@qðt; sÞ
@s
¼ �JðtÞhxtsTðsÞF ðsÞi�s

output noise model; ð66Þ
@qðt; sÞ
@s
¼ �JðtÞhðxts þ vtsÞTðsÞF ðsÞi�s

input noise model; ð67Þ
where xts ¼ bJJðtÞ � �s and vts ¼ bJJðtÞ � �S

s . �s and �S
s are a sample

and a student noise given at a time s, respectively. hi�s

denotes the average over samples and noises at a time s, and
F ðsÞ denotes F estimated at a time s.

We define the time-averaged student vectors JðtÞ and bJJðtÞ
as follows:

JðtÞ 	
1

K

XK
i¼1

Jðt þ tiÞ; ð68Þ

bJJðtÞ 	 1

K

XK
i¼1

bJJðt þ tiÞ ¼
1

K

XK
i¼1

Jðt þ tiÞ
Jðt þ tiÞ

; ð69Þ

where t1 < t2 < � � � < tK . The order parameters are defined
as follows:

RðtÞ 	 B � JðtÞ ¼
1

K

XK
i¼1

Rðt þ tiÞ; ð70Þ

QðtÞ 	 JðtÞ2 ¼
2

K2

X
i<j

qðt þ ti; t þ tjÞ

þ
1

K2

XK
i¼1

Jðt þ tiÞ2; ð71Þ

!ðtÞ 	
RðtÞffiffiffiffiffiffiffiffiffi
QðtÞ

p ; ð72Þ

bRRðtÞ 	 B � bJJðtÞ ¼ 1

K

XK
i¼1

B � bJJðt þ tiÞ

¼
1

K

XK
i¼1

!ðt þ tiÞ; ð73Þ

bQQðtÞ 	 bJJðtÞ2 ¼ 2

K2

X
i<j

qðt þ ti; t þ tjÞ
Jðt þ tiÞJðt þ tjÞ

þ
1

K
; ð74Þ

b!!ðtÞ 	 bRRðtÞffiffiffiffiffiffiffiffiffibQQðtÞq : ð75Þ

We derive the asymptotic expressions for !ðtÞ and b!!ðtÞ as
t!1 for a finite K, and discuss the efficiency of time
domain ensemble learning.

Now, we derive differential equations for qðt; sÞ with
respect to sð� tÞ in both the output and input noise
models. Then, in order to obtain the asymptotic forms of
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! and b!!, we study the asymptotic behaviors of qðt þ ti;
t þ tjÞ and q̂qðt þ ti; t þ tjÞ, where q̂qðt; sÞ 	 qðt; sÞ=ðJðtÞJðsÞÞ.
In the next subsection, we give a differential equation only
for qðt; sÞ.

6.1 Differential equations and asymptotic behaviors
6.1.1 Output noise model

Now, let us study the output noise model. The differential
equation for qðt; sÞ is

@qðt; sÞ
@s
¼ �JðtÞhxtsfPTðysÞFþðsÞ

� ð1� PTðysÞÞF�ðsÞgixts;xss;ys ; ð76Þ

where F�ðsÞ are F ðsÞ estimated for TðsÞ ¼ 1 and TðsÞ ¼ �1,
respectively. That is, FþðsÞ 	 F ½JðsÞ; xss;TðsÞ ¼ þ1; SðsÞ�
and F�ðsÞ 	 F ½JðsÞ; xss; TðsÞ ¼ �1; SðsÞ�. Here, xss ¼ bJJðsÞ �
�s and ys ¼ B � �s. h�ixts;xss;ys denotes the average over the
Gaussian distribution P3ðxts; xss; ysÞ of xts, xss, and ys with
hxtsi ¼ hxssi ¼ hysi ¼ 0, hðxtsÞ

2i ¼ hðxssÞ
2i ¼ hy2

s i ¼ 1, hxtsxssi ¼
q̂qðt; sÞ, hxtsysi ¼ !ðtÞ, and hxssysi ¼ !ðsÞ. The initial condition
for this equation is qðt; tÞ ¼ JðtÞ2.

By performing several integrations in eq. (76), we obtain
the differential equation for each learning rule. In the
Appendix, we list the integrations used when the differential
equations are derived. We omit the details of the calculation
and give the resultant differential equations.

In the Hebbian rule, the differential equation for qðt; sÞ
is

@qðt; sÞ
@s
¼ kT�

ffiffiffiffi
2

�

r
RðtÞ for s � t: ð77Þ

The solutions for R, J, and q with the initial conditions
Rð0Þ ¼ 0, Jð0Þ ¼ 1, and qðt; tÞ ¼ JðtÞ2 are

RðtÞ ¼ �kT

ffiffiffiffi
2

�

r
t; ð78Þ

JðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2t 1þ

2

�
k2
Tt

� �s
; ð79Þ

qðt; sÞ ¼ kT�

ffiffiffiffi
2

�

r
RðtÞðs� tÞ þ JðtÞ2 for s � t: ð80Þ

From these solutions, it follows that limt!1 b!!ðtÞ ¼ 1.
In the Perceptron rule, the differential equation for q is

@qðt; sÞ
@s
¼

kT�ffiffiffiffiffiffi
2�
p RðtÞ �

�kSffiffiffiffiffiffi
2�
p

qðt; sÞ
JðsÞ

for s � t: ð81Þ

In the AdaTron rule, the differential equation for q is

@qðt; sÞ
@s
¼
�

kS

1� k2
S

2
� �gðsÞ

� �
qðt; sÞ

þ
�kT

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !ðsÞ2

q
for s � t: ð82Þ

6.1.2 Input noise model
Now, we study the input noise model, where PTðyÞ ¼

Hð�y=�TÞ. Then, we obtain

@qðt; sÞ
@s
¼ �JðtÞ

	
ðxts þ vtsÞ

�
H �

ys

�T

� �
FþðsÞ

� H
ys

�T

� �
F�ðsÞ

�

xts;x

s
s;ys;v

t
s;v

s
s

; ð83Þ

where FþðsÞ 	 F ½JðsÞ; xss; vss;T ¼ þ1� and F�ðsÞ 	
F ½JðsÞ; xss; vss; T ¼ �1�. Since �s and �S

s are statistically
independent, the average of the quantity A, hAixts;xss;ys;vts;vss ,
is calculated using the product of P3ðxts; xss; ysÞ and
Pvðvts; vssÞ. Here, Pvðvts; vssÞ is the Gaussian distribution
with hvtsi ¼ hvssi ¼ 0, hðvtsÞ

2i ¼ hðvssÞ
2i ¼ �2

S, and hvtsvssi ¼
�2

Sq̂qðt; sÞ.
For the Hebbian rule, the differential equation for qðt; sÞ is

@qðt; sÞ
@s
¼ �

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ð1þ �2

TÞ
p RðtÞ: ð84Þ

This equation and the equations for other order parameters
for the input noise model are obtained using those for the
output noise model replacing kT by 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p
and �2 by

�2ð1þ �2
SÞ. Therefore, we obtain limt!1 b!!ðtÞ ¼ 1.

In the Perceptron rule, the differential equation for q

is

@qðt; sÞ
@s
¼

�ffiffiffiffiffiffi
2�
p

RðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

S

q
qðt; sÞ
JðsÞ

" #
for s � t: ð85Þ

In the AdaTron rule, the equation for q is

@qðt; sÞ
@s
¼
�

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � !ðsÞ

2
q

1þ �2
T

� �ð1þ �2
SÞqðt; sÞ�g½!ðsÞ� for s � t: ð86Þ

6.2 Asymptotic behavior
Now, let us derive the asymptotic forms of !ðtÞ and b!!ðtÞ.

In order to evaluate them, we have to solve the differential
equations for qðt; sÞ. These equations have the following
form:

@

@s
qðt; sÞ ¼ f ðsÞqðt; sÞ þ gðt; sÞ: ð87Þ

This is easily solved and we obtain for t1 � t2

qðt þ t1; t þ t2Þ

¼
�
Jðt þ t1Þ2 þ

Z t2�t1

0

d� gðt þ t1; � þ t þ t1Þ

� exp �
Z �

0

du f ðuþ t þ t1Þ
� ��

� exp

Z t2�t1

0

dv f ðvþ t þ t1Þ
� �

: ð88Þ

Note that gðt; sÞ is the product of the function of t and
that of s. For the Perceptron rule, f ðsÞ and gðt; sÞ are as
follows:

f ðsÞ ¼ �
�kSffiffiffiffiffiffi
2�
p

1

JðsÞ
for output noise model; ð89Þ

f ðsÞ ¼ �
�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

S

p ffiffiffiffiffiffi
2�
p

1

JðsÞ
for input noise model; ð90Þ

gðt; sÞ ¼
kT�ffiffiffiffiffiffi
2�
p RðtÞ for output noise model; ð91Þ

gðt; sÞ ¼
�ffiffiffiffiffiffi
2�
p

RðtÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

T

p for input noise model: ð92Þ

On the other hand, for the AdaTron rule, these functions are
as follows:
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f ðsÞ ¼ ��
kT � kS

2
�

kT

�
cos�1½!ðsÞ�

� �
for output noise model; ð93Þ

f ðsÞ ¼ ��ð1þ �2
SÞ�g½!ðsÞ�

for input noise model; ð94Þ

gðt; sÞ ¼ �
kT

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !ðsÞ2

q
for output noise model; ð95Þ

gðt; sÞ ¼
�

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � ½!ðsÞ�

2
q

1þ �2
T

for input noise model: ð96Þ

Thus, it follows that, as t!1, JðtÞ ! J�, !ðtÞ ! !�,
f ðtÞ ! f �, and gðt þ 	; t þ 
Þ ! g� for arbitrary constants
	 and 
. When learning fails, in both the output and input
noise models, for the Perceptron rule, these limiting values
are all finite, but for the AdaTron rule, J� and g� are finite or
0 or1 depending on the parameters. Then, we obtain for the
Perceptron rule

lim
t!1

qðt þ t1; t þ t2Þ

¼ ðJ�Þ2 þ
g�

f �

� �
exp½ f �ðt2 � t1Þ� �

g�

f �
: ð97Þ

For the AdaTron rule, limt!1 qðt þ t1; t þ t2Þ takes finite
or 0 or 1. Thus, we consider two cases separately in the
following subsections.

6.3 Perceptron learning rule
Let us consider the Perceptron rule. In this case, J� and g� are nonzero. Then, we consider !ðtÞ. When t!1, we

obtain

lim
t!1

RðtÞ ¼ lim
t!1

1

K

XK
i¼1

Rðt þ tiÞ ¼ R� ¼ J�!�; ð98Þ

lim
t!1

QðtÞ ¼
2

K2

X
i<j

ðJ�Þ2 þ
g�

f �

� �
exp½ f �ðtj � tiÞ� �

K � 1

K

g�

f �
þ
ðJ�Þ2

K
: ð99Þ

lim
t!1

!ðtÞ ¼
J�!�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

K2

X
i<j

�
ðJ�Þ2 þ

g�

f �

�
exp½ f �ðtj � tiÞ� �

K � 1

K

g�

f �
þ
ðJ�Þ2

K

s : ð100Þ

In the output noise model, asymptotic values are calculated as

f � ¼ �
�kSffiffiffiffiffiffi
2�
p

J�
; ð101Þ

g� ¼
�kTffiffiffiffiffiffi
2�
p R�; ð102Þ

�
g�

f �
¼ ðJ�!�Þ2: ð103Þ

In the input noise model, asymptotic values are calculated as

f � ¼ �
�
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2

S

pffiffiffiffiffiffi
2�
p

J�
; ð104Þ

g� ¼
�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2�ð1þ �2
TÞ

p R�; ð105Þ

�
g�

f �
¼ ðJ�!�Þ2: ð106Þ

Thus, we obtain18)

lim
t!1

qðt þ t1; t þ t2Þ ¼ ðJ�Þ2fð!�Þ2 þ ½1� ð!�Þ2� exp½ f �ðt2 � t1Þ�g; ð107Þ

lim
t!1

QðtÞ ¼ ðJ�Þ2 ð!�Þ2 þ
1

K
½1� ð!�Þ2� 1þ

2

K

X
i<j

exp½ f �ðtj � tiÞ�

( ) !
: ð108Þ

Therefore, we obtain the asymptotic form of the overlap between the teacher vector and the averaged student vector in both
the output and input noise models as

lim
t!1

!ðtÞ ¼
!�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð!�Þ2 þ
1

K
½1� ð!�Þ2�

(
1þ

2

K

X
i<j

exp½ f �ðtj � tiÞ�

)vuut : ð109Þ

6.4 AdaTron learning rule
In this subsection, we consider the AdaTron rule. We consider b!!ðtÞ. When t!1, we obtain
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lim
t!1

bRRðtÞ ¼ lim
t!1

1

K

XK
i¼1

!ðt þ tiÞ ¼ !�; ð110Þ

lim
t!1

bQQðtÞ ¼ 2

K2

X
i<j

lim
t!1

qðt þ ti; t þ tjÞ
Jðt þ tiÞJðt þ tjÞ

þ
1

K
: ð111Þ

For the AdaTron rule, gðt; sÞ is expressed as

gðt; sÞ ¼ RðtÞJðsÞ ~gg½!ðsÞ�: ð112Þ

Thus, we obtain

lim
t!1

qðt þ t1; t þ t2Þ
Jðt þ t1ÞJðt þ t2Þ

¼ lim
t!1

(
Jðt þ t1Þ
Jðt þ t2Þ

þ
Z t2�t1

0

d�
Jð� þ t þ t1Þ
Jðt þ t2Þ

!ðt þ t1Þ ~gg½!ð� þ t þ t1Þ� exp �
Z �

0

du f ðuþ t þ t1Þ
� �)

� exp

Z t2�t1

0

dv f ðvþ t þ t1Þ
� �

¼ Bðt1; t2Þ þ
Z t2�t1

0

d� Bð� þ t1; t2Þ!� ~ggð!�Þ expð� f ��Þ
� �

exp½ f �ðt2 � t1Þ�: ð113Þ

Here, we define

Bðt1; t2Þ 	 lim
t!1

Jðt þ t1Þ
Jðt þ t2Þ

: ð114Þ

This is calculated as follows. The equations for JðtÞ and !ðtÞ
have the following forms:

dJðtÞ
dt
¼ JðtÞ�ð!Þ; ð115Þ

d!

dt
¼  ð!Þ: ð116Þ

By solving eq. (116), we obtain ! ¼ !ðtÞ. Using this
solution, JðtÞ is given by

JðtÞ ¼ Jð0Þ exp

Z t

0

dt0 �½!ðt0Þ�
� �

: ð117Þ

Thus,

Jðt þ t1Þ
Jðt þ t2Þ

¼ exp �
Z tþt2

tþt1
dt0 �½!ðt0Þ�

� �
¼ exp �

Z t2�t1

0

d� �½!ð� þ t þ t1Þ�
� �

: ð118Þ

From this, Bðt1; t2Þ is expressed as

Bðt1; t2Þ 	 lim
t!1

exp �
Z t2�t1

0

d� �½!ð� þ t þ t1Þ�
� �

¼ exp½���ðt2 � t1Þ�; ð119Þ
where �� ¼ �ð!�Þ. Therefore, we obtain

lim
t!1

qðt þ t1; t þ t2Þ
Jðt þ t1ÞJðt þ t2Þ

¼ exp½ð f � � ��Þðt2 � t1Þ� 1�
!� ~ggð!�Þ
�� � f �

� �
þ
!� ~ggð!�Þ
�� � f �

:

ð120Þ
Then,

lim
t!1

bQQðtÞ ¼ 2

K2

X
i<j

exp½ð f � � ��Þðtj � tiÞ� 1�
!� ~ggð!�Þ
�� � f �

� �
þ

K � 1

K

!� ~ggð!�Þ
�� � f �

þ
1

K
: ð121Þ

Thus, we obtain

lim
t!1

b!!ðtÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

K2

X
i<j

exp½ð f � � ��Þðtj � tiÞ�
�
1�

!� ~ggð!�Þ
�� � f �

�
þ

K � 1

K

!� ~ggð!�Þ
�� � f �

þ
1

K

s : ð122Þ

Now, we calculate relevant asymptotic values. First, we
treat the output noise model and obtain

f � ¼ �
�

kS

��g �
1� k2

S

2

� �
; ð123Þ

~gg� ¼ �
kT

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q
; ð124Þ

�� ¼ �
�

1� k2
S

2kS

þ
�

2
�

1

kS

� �
� ��g �

kTkS

�
!�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q� ��
; ð125Þ

where ��g ¼ �gð!�Þ. Now, we estimate !� ~ggð!�Þ=ð�� � f �Þ.
From d!=dt ¼ 0, we obtain

kT�

�
½1� ð!�Þ2�3=2 ¼

�2

2
!� ��g �

kTkS

�
!�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q� �
:

ð126Þ
From this, we obtain

��g ¼
2kT

��!�
1� 1�

�kS

2

� �
ð!�Þ2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q
: ð127Þ

Thus, we obtain

�� � f � ¼
~gg�

!�
: ð128Þ

Therefore, we obtain
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!� ~ggð!�Þ
�� � f �

¼ ð!�Þ2: ð129Þ

Next, in the input noise model, we obtain

f � ¼ ��ð1þ �2
SÞ�
�
g; ð130Þ

~gg� ¼
�

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � ð!�Þ

2
q

1þ �2
T

; ð131Þ

�� ¼ �
�ð1þ �2

SÞ
2

� 1

� �

� ð1þ �2
SÞ�
�
g �

!�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � ð!�Þ

2
q

�ð1þ �2
TÞ

24 35
:

ð132Þ

From d!=dt ¼ 0, we obtain

� 1� ð!�Þ2 þ
�

2
ð1þ �2

SÞð!
�Þ2

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ �2

TÞð1þ �2
SÞ � ð!�Þ

2
q

�ð1þ �2
TÞ

¼
�2

2
!�ð1þ �2

SÞ
2��g:

ð133Þ
Thus,

�� � f � ¼
~gg�

!�
: ð134Þ

Therefore, we obtain

!� ~ggð!�Þ
�� � f �

¼ ð!�Þ2: ð135Þ

By substituting the asymptotic values calculated above into
eqs. (120)–(122), we obtain in both the output and input
noise models

lim
t!1

qðt þ t1; t þ t2Þ
Jðt þ t1ÞJðt þ t2Þ

¼ ð!�Þ2 þ ½1� ð!�Þ2� exp �
~gg�

!�
ðt2 � t1Þ

� �
; ð136Þ

lim
t!1

bQQðtÞ ¼ ð!�Þ2 þ 1

K
½1� ð!�Þ2� 1þ

2

K

X
i<j

exp �
~gg�

!�
ðtj � tiÞ

� �( )
; ð137Þ

lim
t!1

b!!ðtÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!�Þ2 þ

1

K
½1� ð!�Þ2�

(
1þ

2

K

X
i<j

exp

�
�

~gg�

!�
ðtj � tiÞ

�)vuut : ð138Þ

In the above two subsections, we obtained the asymptotic forms of ! for the Perceptron rule eq. (109) and b!! for the
AdaTron rule eq. (138) as t!1 in both the output and input noise models. These two quantities are expressed by one
formula as

e!!ðKÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!�Þ2 þ

1

K
½1� ð!�Þ2�

(
1þ

2

K

X
i<j

exp½�aðtj � tiÞ�

)vuut ; ð139Þ

where a ¼ � f � for the Perceptron rule and a ¼ ~gg�=!� for the AdaTron rule.
Now, let us consider the behavior of this quantity e!!ðKÞ as a function of the number of students, K, used for the average, in

both the output and input noise models. We assume that ti ¼ i��t. Then, the summation in e!!ðKÞ is calculated asX
i<j

exp½�aðtj � tiÞ� ¼
1

expða�tÞ � 1
K � 1�

1� exp½�a�tðK � 1Þ�
expða�tÞ � 1

� �
: ð140Þ

Therefore, we obtain

e!!ðKÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!�Þ2 þ

1

K
½1� ð!�Þ2�

�
1þ

2

K

1

expða�tÞ � 1

�
K � 1�

1� exp½�a�tðK � 1Þ�
expða�tÞ � 1

��s : ð141Þ

Thus, as K !1, we obtain

lim
K!1

e!!ðKÞ ¼ 1: ð142Þ

That is, the direction of the averaged student vector tends to
the direction of the teacher vector as the number of averaged
student vectors increases.

6.5 Numerical results
In this subsection, we give the results of numerical

integrations of differential equations by the RKG method
and the results of numerical simulations.

We show the time dependence of qðt; sÞ and the K

dependence of e!!ðKÞ in the output and input noise models for
the Perceptron and AdaTron rules, in Figs. 7 and 8,
respectively. The theoretical results agree with the numerical
simulation results quite well.

7. Summary and Discussion

In this paper, we studied the supervised online learning
of a Perceptron using the Hebbian, Perceptron and AdaTron
learning rules in the case in which both the teacher and the
student suffer from output or input noise. We mainly focused
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on the case in which learning fails in the sense that the student
vector does not converge to the teacher vector. To make
learning successful, we investigated the optimal learning rate,
the control of learning, and time domain ensemble learning.

First, we summarize the results in the case of a constant
learning rate. For the Hebbian rule, learning succeeds in both
the output and input noise models. For the Perceptron rule,
learning fails when the student noise is smaller than the
teacher noise in the output noise model, whereas it always
fails in the input noise model. For the AdaTron rule, learning
always fails in both the output and input noise models.

Next, in the case of the optimal learning rate, we proved
that !! 1 as t!1 and derived asymptotic forms of the
optimal learning rate and the generalization error in the three
learning rules and for the output and input noise models.
When learning fails for constant learning rates, we compared
the numerical and theoretical results obtained using the
optimal learning rate and found a fairly good agreement
between them.

We also studied the control of learning. For the Perceptron
rule in the output noise model, it turned out that learning
fails if the student noise is smaller than the teacher noise.
Therefore, it is expected that we could make learning
successful by reversing the student’s output intentionally. By
numerical simulations, we confirmed that this method works.
Furthermore, we proposed the method to identify the noise
parameters kT and kS.

Finally, we studied time domain ensemble learning. In the
present model, even if learning fails, ! converges to a
constant value which is less than 1. This implies that the
student vector rotates around the teacher vector with a
constant angle. Thus, by taking the average of the student
vectors at different times, it is expected that learning
succeeds. According to the method developed in our
previous study,6) we analyzed time domain ensemble
learning. We found that the formula of the direction cosine
between the teacher vector and the averaged student vector
can be expressed by the same formula, as in the case in
which only the teacher suffers from noise using the terms of
the differential equation of qðt; sÞ. We performed numerical
simulations for q̂qðt; sÞ and ~!!ðKÞ and confirmed that the
numerical and theoretical results agree quite well.

Next, let us discuss the results in this paper. Let us
compare the convergence speed of learning. If noise does not
exist, the asymptotic form of ~��g,opt is expressed as ~��g,opt /
t�1=2 for the Hebbian rule and ~��g,opt / t�1 for the Perceptron
and AdaTron rules, so that the convergence speed of
learning is higher in the Perceptron and AdaTron rules than
in the Hebbian rule.5) On the other hand, these behaviors
change when both the teacher and the student suffer from
noise. In the output noise case, the convergence speed of
learning is higher in the Hebbian and Perceptron rules than
in the AdaTron rule, whereas in the input noise case, it is of
the same order for all three rules.

The present results include the situation in which only the
teacher or only the student suffers from external noise. The
former case has been studied,5,6) and the results are obtained
by putting kS ¼ 1 or �S ¼ 0. The results of the latter case are
obtained by putting kT ¼ 1 or �T ¼ 0. For example, we note
that learning succeeds for the Perceptron rule and output
noise model, as seen from the Table I by putting kT ¼ 1. As
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a result, we find that the learning speeds and exponents of
~��opt and �g,opt are the same in the three cases in which only
the teacher noise exists, only the student noise exists, and
both the teacher and student noise exist.

Appendix: Useful Integration Formulas

We list useful integration formulas in order to derive
differential equations for order parameters.

In the following formulas, a and b are real constants
unless otherwise noted:Z 1

�1
DxHðaxþ bÞ ¼ H

bffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2
p

� �
; ðA:1ÞZ 1

�1
DxHðaxÞHðbxÞ

¼
1

2
�

1

2�
cos�1 abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ a2Þð1þ b2Þ
p" #

; ðA:2ÞZ 1
�1

Dx x2HðaxÞHðbxÞ

¼
1

2
�

1

2�
cos�1 abffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ a2Þð1þ b2Þ
p" #

þ
abð2þ a2 þ b2Þ

2�ð1þ a2Þð1þ b2Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ a2 þ b2
p ; ðA:3ÞZ 1

0

DxHðaxÞ ¼
1

2�
cos�1 affiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p

� �
¼

1

2
�

1

2�
cos�1 �affiffiffiffiffiffiffiffiffiffiffiffiffi

1þ a2
p

� �
; ðA:4ÞZ 1

0

DxHðaxÞ ¼
1

2�
tan�1 1

a

� �
a > 0; ðA:5Þ

where Dx¼ dx=
ffiffiffiffiffiffi
2�
p

expð�x2=2Þ, HðxÞ ¼
R1
x

Dt, and cos�1ðxÞ
and tan�1ðxÞ are principal values.
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