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We analyze the time domain ensemble on-line learning of a Perceptron under the existence of external
noise. We adopt three typical learning rules, Hebbian, Perceptron, and AdaTron rules. We treat the input
and output noises. In order to improve the learning when it does not succeed in the sense that the student
vector does not converge to the teacher vector, we use an averaging method and give theoretical analysis
of the method. We obtain the precise formula for the overlap between the teacher vector and the time
averaged student vector for t!1 limit as a function of the number of student vectors to be averaged.
We compare the theoretical results with numerical simulations and find that the theoretical results agree
quite well with the numerical simulations.
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1. Introduction

We study the on-line learning by a single Perceptron1)

from signals produced by a single teacher. We assume
that the data is contaminated by noise and we adopt the
Hebbian,2) Perceptron,1) and AdaTron3) rules as learning
rules.4) There have been many studies that focus on the case
of a single teacher.5–10) In this paper, we treat the on-line
learning of a Perceptron. In the on-line learning, an example
vector is chosen randomly and used in order to update a
student vector by a learning algorithm. When the student
vector is updated next, another example vector is chosen
randomly. In contrast to this, for batch learning, many
example vectors are stored and all of them are used
simultaneously for learning. Although on-line learning
seems less efficient than batch learning, in some situations
the performance of on-line learning is comparable to that of
batch learning.

In the framework of on-line learning, we have interest in
ensemble learning in time domain.11–13) Here, we briefly
explain ensemble learning by using an example of the on-
line learning of Perceptrons. Suppose that there are several
student Perceptrons which learn from a teacher Perceptron.
When initial students’ vectors are randomly distributed,
it is shown that the generalization error of the averaged
student vector becomes smaller than that of one student
vector.14) In contrast with ensemble learning explained
above, ensemble learning in time domain uses only one
student who learns from a teacher. Ensemble consists of
vectors of the student at different times. A typical situation
in which ensemble learning in time domain is efficient is
when the student vector rotates around the teacher vector. In
this situation, by taking the average of normalized student
vectors, the direction of the averaged vector is closer to that
of the teacher vector than that of the student vector in any
instance.

In the previous study,12) we investigated time domain
ensemble learning for Perceptrons numerically and found
that learning is improved by taking average of student vectors
over different times. Further, in ref. 13, we analytically studi-
ed time domain ensemble learning for linear Perceptrons.

The main purpose of the present paper is to give a theory
for time domain ensemble learning for Perceptrons. We
adopt the Hebbian, Perceptron, and AdaTron rules as learn-
ing rules, and for both the input and output noise cases,
we obtain the differential equations for order parameters.
We obtain the precise formula for the overlap between the
teacher vector and the time averaged student vector for
t!1 limit as a function of the number of students to be
averaged. We compare the theoretical results with numerical
simulations and find that the theoretical results agree quite
well with the numerical simulations.

The paper is organized as follows: In §2, the formulation
of the time domain ensemble learning is given. In §3,
we derive differential equations for relevant quantities and
obtain asymptotic forms of overlap between the teacher
vector and the time averaged student vector. In §4, we give
numerical results. Section 5 is devoted to a summary and
discussion.

2. Formulation in Time Domain Ensemble Learning

We consider the supervised learning of a Perceptron in the
presence of noise. Let J and B be the student and teacher
vectors, respectively. We assume that these are N-dimen-
sional vectors. We also assume that jBj ¼ 1. Here, jBj is the
norm of B. Let � be an N-dimensional example vector. We
assume that its component �i takes �1 and is drawn
independently with the probability Pð� ¼ 1Þ ¼ 1� Pð� ¼
�1Þ ¼ 1=2. The output S generated by the student J for � is
given by

S ¼ sgnðJ � �Þ; ð1Þ

where J � � denotes the inner product of J and �, sgnðxÞ ¼ 1

for x � 0, and sgnðxÞ ¼ �1 for x < 0. When there is no�E-mail: uezu@ki-rin.phys.nara-wu.ac.jp
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noise, the output T generated by the teacher for � is given by

T ¼ sgnðB � �Þ: ð2Þ

In this paper, we treat the cases in which noise exists. We
consider the output noise and input noise. Let P be the
probability of T ¼ 1. In the output noise model, P is given
by

PðyÞ ¼ 1

2
½1þ k sgnðyÞ�; ð3Þ

where y ¼ B � �. That is, for y > 0, the probability of T ¼ 1

is ð1þ kÞ=2. In the input noise model, T is given by

T ¼ sgn½B � ð�þ �Þ�; ð4Þ

where each component �i of � is assumed to be independ-
ently drawn from the Gaussian distribution of the mean 0
and the standard deviation �. Then, P is expressed as

PðyÞ ¼ H �
y

�

� �
; ð5Þ

where

HðyÞ ¼
Z 1
y

Du and Du ¼
duffiffiffiffiffiffi
2�
p e�u

2=2:

We adopt the following learning algorithm

J t þ
1

N

� �
¼ JðtÞ þ

1

N
��TF ½jJj; J � �;T�; ð6Þ

where � is the learning rate and F is the learning rule and
is assumed to depend on jJj, J � �, and T . We consider the
following three learning rules

Hebbian rule: F ¼ 1; ð7Þ
Perceptron rule: F ¼ �ð�TSÞ; ð8Þ
AdaTron rule: F ¼ j� � Jj�ð�TSÞ; ð9Þ

where �ðxÞ ¼ 1 for x � 0 and �ðxÞ ¼ 0 for x < 0. As for the
order parameters, we adopt Q ¼ J2 and R ¼ J � B. From
eq. (6), we obtain the differential equations for Q and R:8)

dQ

dt
¼ 2�hðJ � �ÞTF i� þ �2hF 2i�; ð10Þ

dR

dt
¼ �hðB � �ÞTF i�: ð11Þ

Here, we assume self-averaging15) and h�i� denotes the
average over examples and noises. Let us define J ¼ jJj,bJJ � J=J, and x �bJJ � �. Since F is expressed as F ½J; Jx; T�,
these equations are rewritten as

dQ

dt
¼ 2�JhxTF ½J; Jx; T�i� þ �2hF 2½J; Jx;T�i�; ð12Þ

dR

dt
¼ �hyTF ½J; Jx;T�i�: ð13Þ

In addition to Q and R, J ¼
ffiffiffiffi
Q
p

and ! ¼ R=J are also used,
and their equations are

dJ

dt
¼ �hxTF ½J; Jx; T�i� þ

�2

2J
hF 2½J; Jx;T�i� ð14Þ

d!

dt
¼
�

J
hðy� !xÞTF ½J; Jx;T�i�

�
!�2

2J2
hF 2½J; Jx; T�i�: ð15Þ

The generalization error E is given by

E ¼ h�ð�STÞi�: ð16Þ

Further, we consider a two time correlation function
qðt; sÞ � JðtÞ � JðsÞ.13) The differential equation for qðt; sÞ
with respect to s for t 	 s is given by

@qðt; sÞ
@s
¼ �JðtÞhxtsTðsÞF ðsÞi�s

; ð17Þ

where xss ¼bJJðsÞ � �s and xts ¼bJJðtÞ � �s. �s is a sample given at
time s and h�i�s

denotes the average over samples at time s.
Here we abbreviate as F ðsÞ ¼ F ½JðsÞ; JðsÞxss;TðsÞ�.

Now, let us formulate the time domain ensemble. We

define the time averaged student vectors �JJðtÞ and
�bJJbJJðtÞ as

follows.

JðtÞ �
1

K

XK
i¼1

Jðt þ tiÞ; ð18Þ

bJJðtÞ � 1

K

XK
i¼1

bJJðt þ tiÞ ¼
1

K

XK
i¼1

Jðt þ tiÞ
Jðt þ tiÞ

; ð19Þ

where t1 < t2 < � � � < tK . The order parameters are defined
as follows.

RðtÞ � B � JðtÞ ¼
1

K

XK
i¼1

Rðt þ tiÞ; ð20Þ

QðtÞ � JðtÞ2

¼
2

K2

X
i<j

qðt þ ti; t þ tjÞ þ
1

K2

XK
i¼1

Jðt þ tiÞ2; ð21Þ

!ðtÞ �
RðtÞffiffiffiffiffiffiffiffiffi
QðtÞ

p ; ð22Þ

bRRðtÞ � B �bJJðtÞ ¼ 1

K

XK
i¼1

B �bJJðt þ tiÞ

¼
1

K

XK
i¼1

!ðt þ tiÞ; ð23Þ

bQQðtÞ �bJJðtÞ2 ¼ 2

K2

X
i<j

qðt þ ti; t þ tjÞ
Jðt þ tiÞJðt þ tjÞ

þ
1

K
; ð24Þ

b!!ðtÞ � bRRðtÞffiffiffiffiffiffiffiffiffibQQðtÞq ð25Þ

In our previous study, we found that it seems that !ð0Þ tends
to 1 for the Perceptron rule and b!!ð0Þ tends to 1 for the
AdaTron rule as K !1.11,12) In this paper, we derive the
asymptotic expressions for !ðtÞ and b!!ðtÞ as t!1 for finite
K, and discuss the efficiency of the time domain ensemble
learning.

3. Differential Equations and Asymptotic Behaviors

In this section, first we derive differential equations for
qðt; sÞ with respect to s (� t) both in the output and input
noise models. And then, in order to obtain asymptotic forms
of ! and b!!, we study the asymptotic behaviour of qðt þ ti;
t þ tjÞ and qðt þ ti; t þ tjÞ=½Jðt þ tiÞJðt þ tjÞ�. In the below,
we give the differential equation only for qðt; sÞ. See ref. 12
on differential equations for R, J, and !.

Now, let us study the output noise model, where
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PðyÞ ¼ 1

2
½1þ k sgnðyÞ�:

Then, we obtain the differential equation for qðt; sÞ as

@qðt; sÞ
@s
¼
�

2
JðtÞhxtsf½1þ k sgnðysÞ�FþðsÞ

� ½1� k sgnðysÞ�F�ðsÞgixts;xss;ys ;
ð26Þ

where FþðsÞ ¼ F ½JðsÞ; JðsÞxss;þ1� and F� ¼ F ½JðsÞ;
JðsÞxss;�1�, h�ixts;xss;ys denotes the average over the Gaussian
distribution of xts, xss, and ys with hðxtsÞ

2i ¼ 1, hðxssÞ
2i ¼ 1,

hy2
s i ¼ 1, hxtsxssi ¼ qðt; sÞ=½JðtÞJðsÞ�, hxtsysi ¼ !ðtÞ, and
hxssysi ¼ !ðsÞ. The initial condition for this equation is
qðt; tÞ ¼ JðtÞ2.

The generalization error E ¼ h�ð�TSÞi� is given by

Eð!Þ ¼
1� k

2
þ

k

�
cos�1ð!Þ: ð27Þ

By performing several integrations in eq. (26), we obtain
the differential equation for each learning rule. We omit the
details of the calculation and summarize the learning
behavior in each learning rule.

In the Hebbian rule, the differential equation for q is

@qðt; sÞ
@s
¼ k�

ffiffiffiffi
2

�

r
RðtÞ for s � t: ð28Þ

This case has been studied previously and the differential
equations for R and J have been solved analytically.16) The
solutions for R, J, and q with initial conditions Rð0Þ ¼ 0,
Jð0Þ ¼ 1, and qðt; tÞ ¼ JðtÞ2 are

RðtÞ ¼ �k
ffiffiffiffi
2

�

r
t; ð29Þ

JðtÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2t 1þ

2

�
k2t

� �s
; ð30Þ

qðt; sÞ ¼ k�

ffiffiffiffi
2

�

r
RðtÞðs� tÞ þ JðtÞ2 for s � t: ð31Þ

From these solutions, it follows that limt!1 b!!ðtÞ ¼ 1.
In the Perceptron rule, the differential equation for q is

@qðt; sÞ
@s
¼

k�ffiffiffiffiffiffi
2�
p RðtÞ �

�ffiffiffiffiffiffi
2�
p

qðt; sÞ
JðsÞ

for s � t: ð32Þ

The stationary state is given by

J�P ¼ �
ffiffiffiffi
�

2

r
Eð!�pÞ
1� k2

; !�P ¼ k:

Since !�P < 1, learning fails.
In the AdaTron rule, the differential equation for q is

@qðt; sÞ
@s
¼ � �Eð!ðsÞÞqðt; sÞ þ

k

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !ðsÞ2

q� �
for s � t: ð33Þ

As t!1, J ! 0 for � < 2, J ¼ constant for � ¼ 2, and
J !1 for � > 2. !! !�A as t!1. Here, !�A is the
solution of d!=dt ¼ 0 and is less than 1. As in the case of the
Perceptron rule, learning fails.

Now, we study the input noise model, where PðyÞ ¼
Hð�y=�Þ. Then, we obtain

@qðt; sÞ
@s

¼ �JðtÞ xts H �
ys

�

� �
FþðsÞ � H

ys

�

� �
F�ðsÞ

� �� �
xts;x

s
s;ys

: ð34Þ

The generalization error is given by

Eð!Þ ¼
1

�
cos�1 !ffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ �2
p

� �
: ð35Þ

For the Hebbian rule, the differential equations of order
parameters for the input noise model are obtained by those
for the output noise model replacing k by 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2
p

.
Therefore, we obtain limt!1 b!!ðtÞ ¼ 1.

In the Perceptron rule, the differential equation for q is

@qðt; sÞ
@s
¼

�ffiffiffiffiffiffi
2�
p

RðtÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2
p �

qðt; sÞ
JðsÞ

� �
for s � t: ð36Þ

The stationary state is given by

J�P ¼
1þ �2

�2
�

ffiffiffiffi
�

2

r
Eð!�PÞ; !�P ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2
p : ð37Þ

Thus, learning fails for � > 0. In the AdaTron rule,17) the
equation for q is

@qðt; sÞ
@s
¼
�

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � !ðsÞ2

p
1þ �2

� �qðt; sÞEð!ðsÞÞ for s � t: ð38Þ
As t!1, J ! 0 for � < 2, J ¼ constant for � ¼ 2, and
J !1 for � > 2. !! !�A as t!1. Here, !�A is the
solution of d!=dt ¼ 0 and is less than 1. Thus, learning fails.

Now, let us derive the asymptotic forms of !ðtÞ and b!!ðtÞ.
In order to evaluate them, we have to solve the differential
equations for qðt; sÞ. These equations have the following
form.

@

@s
qðt; sÞ ¼ f ðsÞqðt; sÞ þ gðt; sÞ: ð39Þ

Its solution for s � t with initial condition qðt; tÞ ¼ JðtÞ2 at
s ¼ t is given by

qðt; sÞ ¼ JðtÞ2 þ
Z s

t

ds00 gðt; s00Þ exp �
Z s00

t

ds0 f ðs0Þ
� �	 


exp

Z s

t

ds000 f ðs000Þ
� �

: ð40Þ

Thus, we obtain for t1 	 t2

qðt þ t1; t þ t2Þ ¼
	
Jðt þ t1Þ2 þ

Z t2�t1

0

d� gðt þ t1; � þ t þ t1Þ exp �
Z �

0

du f ðuþ t þ t1Þ
� �


exp

Z t2�t1

0

dv f ðvþ t þ t1Þ
� �

:

ð41Þ

We note that gðt; sÞ is the product of a function of t and that of s. For the Perceptron rule, f ðsÞ and gðt; sÞ are as follows.
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f ðsÞ ¼ �
�ffiffiffiffiffiffi
2�
p

1

JðsÞ
for output and input noise models; ð42Þ

gðt; sÞ ¼
k�ffiffiffiffiffiffi
2�
p RðtÞ

for output noise model; ð43Þ

gðt; sÞ ¼
�ffiffiffiffiffiffi
2�
p

RðtÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2
p

for input noise model: ð44Þ

On the other hand, for the AdaTron rule, these functions are
as follows.

f ðsÞ ¼ ��Eð!ðsÞÞ
for output and input noise models; ð45Þ

gðt; sÞ ¼ �
k

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� !ðsÞ2

q
for output noise model; ð46Þ

gðt; sÞ ¼
�

�
RðtÞJðsÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � !ðsÞ2

p
1þ �2

for input noise model: ð47Þ

Thus, it follows that as t!1, JðtÞ ! J�, f ðtÞ ! f �, and
gðt þ �; t þ 	Þ ! g� for any constants � and 	. In both the
output and input noise models, for the Perceptron rule, these
limiting values are all finite, but for the AdaTron rule, J� and
g� are 0. Then, we obtain for the Perceptron rule

lim
t!1

qðt þ t1; t þ t2Þ ¼ ðJ�Þ2 þ
g�

f �

� �
e f �ðt2�t1Þ �

g�

f �
; ð48Þ

and for the AdaTron rule

lim
t!1

qðt þ t1; t þ t2Þ ¼ 0: ð49Þ

Thus, we consider two cases separately in the following
subsections.

3.1 Case of Perceptron learning rule
Let us consider the Perceptron rule. In this case, J� and g� are non zero. Then, we consider !ðtÞ. When t!1, we obtain,

lim
t!1

RðtÞ ¼ lim
t!1

1

K

XK
i¼1

Rðt þ tiÞ ¼ R� ¼ J�!�; ð50Þ

lim
t!1

QðtÞ ¼ lim
t!1

2

K2

X
i<j

qðt þ ti; t þ tjÞ þ
1

K2

XK
i¼1

Jðt þ tiÞ2
" #

¼
2

K2

X
i<j

ðJ�Þ2 þ
g�

f �

� �
e f �ðtj�tiÞ �

K � 1

K

g�

f �
þ
ðJ�Þ2

K
; ð51Þ

lim
t!1

!ðtÞ ¼
J�!�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

K2

X
i<j

 
ðJ�Þ2 þ

g�

f �

!
e f �ðtj�tiÞ �

K � 1

K

g�

f �
þ
ðJ�Þ2

K

vuut : ð52Þ

In both output and input noise models, asymptotic values are calculated as

f � ¼ �
�ffiffiffiffiffiffi
2�
p

J�
; ð53Þ

g� ¼
�ffiffiffiffiffiffi
2�
p J�ð!�Þ2; ð54Þ

�
g�

f �
¼ ðJ�!�Þ2: ð55Þ

Thus, we get

lim
t!1

qðt þ t1; t þ t2Þ ¼ ðJ�Þ2 ð!�Þ2 � ½1� ð!�Þ2� exp ��
1ffiffiffiffiffiffi
2�
p

1

J�
ðt2 � t1Þ

� �	 

; ð56Þ

lim
t!1

QðtÞ ¼ ðJ�Þ2 ð!�Þ2 þ
1

K
½1� ð!�Þ2� 1þ

2

K

X
i<j

exp ��
1ffiffiffiffiffiffi
2�
p

1

J�
ðtj � tiÞ

� �( )" #
: ð57Þ

Therefore, we obtain the asymptotic form of the overlap between the teacher vector and the averaged student vector both in
output and input noise models as

lim
t!1

!ðtÞ ¼
!�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð!�Þ2 þ
1

K
½1� ð!�Þ2�

(
1þ

2

K

X
i<j

exp

�
��

1ffiffiffiffiffiffi
2�
p

1

J�
ðtj � tiÞ

�)vuut : ð58Þ
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3.2 Case of AdaTron learning rule
In this subsection, we consider the case of the AdaTron rule in which JðtÞ ! 0. Since J� and g� are zero, we consider b!!ðtÞ.

When t!1, we obtain,

lim
t!1

bRRðtÞ ¼ lim
t!1

1

K

XK
i¼1

!ðt þ tiÞ ¼ !�; ð59Þ

lim
t!1

bQQðtÞ ¼ 2

K2

X
i<j

lim
t!1

qðt þ ti; t þ tjÞ
Jðt þ tiÞJðt þ tjÞ

þ
1

K
: ð60Þ

For the AdaTron rule, gðt; sÞ is expressed as

gðt; sÞ ¼ RðtÞJðsÞ ~ggð!ðsÞÞ: ð61Þ

Thus, we obtain

lim
t!1

qðt þ t1; t þ t2Þ
Jðt þ t1ÞJðt þ t2Þ

¼ lim
t!1

(
Jðt þ t1Þ
Jðt þ t2Þ

þ
Z t2�t1

0

d�
Jð� þ t þ t1Þ
Jðt þ t2Þ

!ðt þ t1Þ ~ggð!ð� þ t þ t1ÞÞ exp �
Z �

0

du f ðuþ t þ t1Þ
� �)


 exp

Z t2�t1

0

dv f ðvþ t þ t1Þ
� �

ð62Þ

¼ Bðt1; t2Þ þ
Z t2�t1

0

d� Bð� þ t1; t2Þ!� ~ggð!�Þe� f ��

� �
e f �ðt2�t1Þ: ð63Þ

Here, we define

Bðt1; t2Þ � lim
t!1

Jðt þ t1Þ
Jðt þ t2Þ

: ð64Þ

This is calculated as follows. The equations for JðtÞ and !ðtÞ
have the following forms.

dJðtÞ
dt
¼ JðtÞ
ð!Þ; ð65Þ

d!

dt
¼  ð!Þ: ð66Þ

By solving eq. (66) we obtain ! ¼ !ðtÞ. Using this solution,
JðtÞ is given by

JðtÞ ¼ Jð0Þ exp

Z t

0

dt0 
ð!ðt0ÞÞ
� �

: ð67Þ

Thus,

Jðt þ t1Þ
Jðt þ t2Þ

¼ exp �
Z tþt2

tþt1
dt0 
ð!ðt0ÞÞ

� �
¼ exp �

Z t2�t1

0

d� 
ð!ð� þ t þ t1ÞÞ
� �

: ð68Þ

From this, Bðt1; t2Þ is expressed as

Bðt1; t2Þ � lim
t!1

exp �
Z t2�t1

0

d� 
ð!ð� þ t þ t1ÞÞ
� �

¼ e�

�ðt2�t1Þ; ð69Þ

where 
� ¼ 
ð!�Þ. Therefore, we get

lim
t!1

qðt þ t1; t þ t2Þ
Jðt þ t1ÞJðt þ t2Þ

¼ eð f
��
�Þðt2�t1Þ 1�

!� ~ggð!�Þ

� � f �

� �
þ
!� ~ggð!�Þ

� � f �

: ð70Þ

Then,

lim
t!1

bQQðtÞ ¼ 2

K2

X
i<j

eð f
��
�Þðtj�tiÞ 1�

!� ~ggð!�Þ

� � f �

� �
þ

K � 1

K

!� ~ggð!�Þ

� � f �

þ
1

K
: ð71Þ

Thus, we obtain

lim
t!1

b!!ðtÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

K2

X
i<j

eð f
��
�Þðtj�tiÞ

"
1�

!� ~ggð!�Þ

� � f �

#
þ

K � 1

K

!� ~ggð!�Þ

� � f �

þ
1

K

vuut : ð72Þ

Now, we calculate relevant asymptotic values. First, we
treat the output noise model and obtain

f � ¼ ��E�; ð73Þ

~gg� ¼ �
k

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q
; ð74Þ


� ¼ �
�

2
� 1

� �
E� �

k

�
!�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q� �
: ð75Þ

Now, we estimate !� ~ggð!�Þ=ð
� � f �Þ. From d!=dt ¼ 0, we
obtain
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k�

�
ð1� ð!�Þ2Þ3=2 ¼

�2

2
!� E� �

k

�
!�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q� �
: ð76Þ

From this, we get

E� ¼
2k

��!�
1� 1�

�

2

� �
ð!�Þ2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q
: ð77Þ

Thus,


� � f � ¼ �
�

2
� 1

� �
E� �

k

�
!�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q� �
þ �E� ð78Þ

¼
k�

�!�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð!�Þ2

q
¼

1

!�
~gg�: ð79Þ

Therefore, we obtain

!� ~ggð!�Þ

� � f �

¼ ð!�Þ2: ð80Þ

Next, in the input noise model, we obtain

f � ¼ ��E�; ð81Þ

~gg� ¼
�

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � ð!�Þ2

p
1þ �2

; ð82Þ


� ¼ �
�

2
� 1

� �
E� �

!�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � ð!�Þ2

p
�ð1þ �2Þ

" #
; ð83Þ

From d!=dt ¼ 0, we get

� 1� ð!�Þ2 þ
�

2
ð!�Þ2

� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � ð!�Þ2

p
�ð1þ �2Þ

¼
�2

2
!�E�: ð84Þ

Thus,


� � f � ¼ �
�

2
� 1

� �
E� �

!�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � ð!�Þ2

p
�ð1þ �2Þ

" #
þ �E�

¼
1

!�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ �2 � ð!�Þ2

p
�ð1þ �2Þ

¼
1

!�
~gg�: ð85Þ

Therefore, we obtain

!� ~ggð!�Þ

� � f �

¼ ð!�Þ2: ð86Þ

By substituting asymptotic values calculated above into
eqs. (70), (71), and (72), we obtain in both the output and
input noise models,

lim
t!1

qðt þ t1; t þ t2Þ
Jðt þ t1ÞJðt þ t2Þ

¼ ð!�Þ2 þ ½1� ð!�Þ2� exp �
~gg�

!�
ðt2 � t1Þ

� �
; ð87Þ

lim
t!1

bQQðtÞ ¼ ð!�Þ2 þ 1

K
½1� ð!�Þ2� 1þ

2

K

X
i<j

exp �
~gg�

!�
ðtj � tiÞ

� �( )
; ð88Þ

lim
t!1

b!!ðtÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!�Þ2 þ

1

K
½1� ð!�Þ2�

(
1þ

2

K

X
i<j

exp

�
�

~gg�

!�
ðtj � tiÞ

�)vuut : ð89Þ

In the above two subsections, we obtained the asymptotic forms of ! for the Perceptron rule (58) and b!! for the AdaTron
rule (89) as t!1 in both the output and input noise models. These two quantities are expressed by one formula as

e!!ðKÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!�Þ2 þ

1

K
½1� ð!�Þ2�

 
1þ

2

K

X
i<j

e�aðtj�tiÞ

!vuut ; ð90Þ

where a ¼ ð�=
ffiffiffiffiffiffi
2�
p
Þð1=J�Þ for the Perceptron rule and a ¼ ~gg�=!� for the AdaTron rule.

Now, let us consider the behavior of this quantity e!!ðKÞ as a function of the number of student vectors to be averaged K, in
both the output and input noise models. We assume that ti ¼ i
�t. Then, the summation in e!!ðKÞ is calculated asX

i<j

e�aðtj�tiÞ ¼
1

ea�t�1
K � 1�

1� e�a�tðK�1Þ

ea�t�1

� �
: ð91Þ

Therefore, we obtain

e!!ðKÞ ¼ !�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð!�Þ2 þ

1

K
½1� ð!�Þ2�

(
1þ

2

K

1

ea�t � 1

"
K � 1�

1� e�a�tðK�1Þ

ea�t � 1

#)vuut : ð92Þ

Thus, as K !1 we obtain

lim
K!1

e!!ðKÞ ¼ 1: ð93Þ

That is, the direction of the averaged student vector tends to the direction of the teacher vector as the number of student
vectors to be averaged increases.
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4. Numerical Results

In this section, we give results of numerical integrations
of differential equations by the Runge–Kutta–Gill (RKG)
method and results of numerical simulations.

In Figs. 1 and 2, we display the time dependence of qðt; sÞ
in the output and input noise models, respectively. In Fig. 3,
we display the K dependence of e!!ðKÞ in the output and

input noise models. Theoretical results agree with numerical
simulations quite well.

5. Summary and Discussion

In this paper, we studied the time domain ensemble on-
line learning of a perceptron under the existence of input
and output noises. We considered three learning rules, the
Hebbian, Perceptron and AdaTron rules. In the Hebbian rule,
learning succeeds in the sense that the student vector tends
to the teacher vector. So, we focused on the study of the
Perceptron and AdaTron rules. We obtained the asymptotic
forms of the two time correlation functions qðt þ t1; t þ t2Þ
for the Perceptron rule and qðt þ t1; t þ t2Þ=½Jðt þ t1ÞJðt þ
t2Þ� for the AdaTron rule in both the input and output noises
as t!1, eqs. (48) and (70), respectively. Using these
forms, we gave the precise formula for the overlap between
the teacher vector and the time averaged student vector for
the Perceptron and AdaTron rules in both the input and
output noises, eq. (90). By this formula, we conclude that
the direction of the averaged student vector tends to the
direction of the teacher vector as the number of student
vectors to be averaged increases.

We performed numerical simulations and estimated qðt; sÞ
and e!!ðKÞ for the Perceptron and AdaTron rules in both the
input and output noise models. We compared these results
with theoretical ones, and confirmed that the theoretical and
numerical results agree quite well.
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Fig. 1. Output noise model. � ¼ 1, k ¼ 0:5. Time s dependence of qðt; sÞ
for s � t. t ¼ 10. Curves are theoretical results (RKG) and symbols are

numerical results (N ¼ 1000). Upper panel. Solid curve and +: Hebbian.

Lower panel. Solid curve and 
: Perceptron, dashed curve and �:
AdaTron.
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Fig. 2. Input noise model. � ¼ 1, � ¼ 0:5. Time s dependence of qðt; sÞ
for s � t. t ¼ 10. Curves are theoretical results (RKG) and symbols are

numerical results (N ¼ 1000). Solid curve and 
: Perceptron, dashed

curve and �: AdaTron.
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Fig. 3. K dependence of e!!ðKÞ. � ¼ 1, �t ¼ 0:1. Curves are theoretical

results and symbols are numerical results which are the average of 10

samples (N ¼ 1000). Solid curve and +: Perceptron, dotted curve and 
:

AdaTron. Upper panel. Output noise model. k ¼ 0:5. Lower panel. Input

noise model. � ¼ 0:5.
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In this paper, we considered the situation that the teacher
vector suffers from external noise but the student vector does
not. Our present analysis can be applied to the situation that
both the teacher and student vectors suffer from external
noise. This study will be reported elsewhere.
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