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Conventional ensemble learning combines students in the space domain. On the other hand, in this
paper, we combine students in the time domain and call it time-domain ensemble learning. We analyze
the generalization performance of time-domain ensemble learning in the framework of on-line learning
using a statistical mechanical method. We use a model in which both the teacher and the student are
linear perceptrons with noises. Time-domain ensemble learning is twice as effective as conventional

space-domain ensemble learning.
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1. Introduction

Learning is the inference of the underlying rules that
dominate data generation using observed data. Observed
data are input—output pairs from a teacher and are called
examples. Learning can be roughly classified into batch
learning and on-line learning.” In batch learning, given
examples are used more than once. In this paradigm, a
student will give the correct answers after training if that
student has adequate degree of freedom. However, a long
time and a large memory, in which many examples are
stored, are necessary. In contrast, in on-line learning,
examples used once are then discarded. In this case, a
student cannot give correct answers to all the examples
used in training. However, there are merits; for example, a
large memory for storing many examples is not necessary,
and it is possible to follow a time-variant teacher.

Recently, we>® have analyzed the generalization per-
formance of some models in a framework of on-line learning
using a statistical mechanical method.*>~> Ensemble learning
means to combine many rules or learning machines (called
students in this paper) that perform poorly; it has recently
attracted the attention of many researchers.>® The diver-
sity or variety of students is important in ensemble learning.
We showed that the three well-known rules, Hebbian
learning, perceptron learning, and AdaTron learning have
different characteristics in their affinities for ensemble
learning, that is “maintaining diversity among students”.®
In the analyses, the following points were proven subsidia-
rily.!!'® The student vector does not converge in one
direction but continues moving in an unlearnable case.'*!>
Therefore, we also analyzed the generalization performance
of a student supervised by a moving teacher that goes around
a true teacher. As a result, it was proven that the
generalization error of a student can be smaller than that
of a moving teacher, even if the student only uses examples
from the moving teacher. In actual human society, a teacher
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observed by a student does not always present the correct
answer. In many cases, the teacher is learning and continues
to change. Therefore, the analysis of such a model is
interesting for considering the analogies between statistical
learning theories and actual human society.

In conventional ensemble learning, the generalization
performance is improved by combining students who have
diversities. On the other hand, a student does not always
converge in one direction but may continue moving in an
unlearnable model. Therefore, the generalization perform-
ance in such a model must be improved by combining
the student at different times, even if there is only one
student.'>! Conventional ensemble learning combines
students in the space domain. On the other hand, we
introduce a method of combining the students in the time
domain; we call this time-domain ensemble learning. In this
paper, we analyze the generalization performance of the
time-domain ensemble learning using a statistical mechan-
ical method. We use a model in which both the teacher and
the student are linear perceptrons® with noises. We obtain
the order parameters and generalization errors analytically
in a framework of on-line learning using a statistical
mechanical method.

2. Model

In this paper, we consider a teacher and a student. They
are linear perceptrons with the connection weights B and J™,
respectively. Here, m denotes the time step. For simplicity,
the connection weights of the teacher and student are simply
called the teacher and student, respectively. Teacher B =
(B1,...,By), student J" = (J{,...,Jy), and input x" =
(xT',...,xy) are N-dimensional vectors. Each component B;
of B is independently drawn from (0, 1) and fixed, where
N(0,1) denotes a Gaussian distribution with a mean of
zero and a variance of unity. Each component J? of the
initial value J° of J™ is independently drawn from A(0, 1).
The direction cosine between J" and B is R™ and that
between J” and J” is ¢ . Each component x" of x™ is
drawn from N (0, 1/N) independently. Thus,
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Fig. 1. Teacher B and students J” and J". R" R,
direction cosines.

and ¢™" are

(B) =0, (B))=1, (1)
=0 (@) =1 @)
=0, (@) =y ®

= m @)
= W )

where (-) denotes a mean.

Figure 1 illustrates the relationship among teacher B,
students J™ and J™ and the direction cosines R™ R™ and
qm,m’_

In this paper, the thermodynamic limit N — oo is also
used. Therefore,

IBIl = VN, 1l7°I = VN,

Generally, the norm ||J™| of the student changes as the time
step proceeds. Therefore, the ratio /" of the norm to VN is
introduced and is called the length of the student. That is,
”Jm” — lm\/ﬁ'

Both the teacher and the student are linear perceptrons.
Their outputs are v" +ny and u"I" + n}, respectively.
Here,

™|l = 1. ©)

,Um — B . xm’ (7)
umm = Jm . xm’ (8)
ny ~ N(0,0%), )

ny ~ N(0,07), (10)

where N (0, 6%) denotes a Gaussian distribution with a mean
of zero and variance o2. That is, the outputs of the teacher
and student include independent Gaussian noises with
variances of 0123 and ajz, respectively. Then, v and u™ obey
Gaussian distributions with a mean of zero and a variance
of unity.

Let us define the error € between the teacher B and the
student J” by the squared error of their outputs:

Y

Student J™ adopts the gradient method as a learning rule
and uses input x and the output of teacher B for updates.
That is,

e
Jm+1 =Jm _ na]_i (12)
=J"+ n(vm +np —u"l" — nT)x’", (13)

where 1 denotes the learning rate of the student and is
constant. Generalizing the learning rule, eq. (13) can be
expressed as

Jm+1 =Jm+ mxm’ (14)

where f denotes a function that represents the update
amount and is determined by the learning rule.

3. Theory

3.1 Generalization error

Ensemble learning means the improvement of perform-
ance by combining many students that perform poorly. On
the other hand, we use just one student and combine its
copies (hereafter called brothers) at different time steps.
Conventional ensemble learning combines students in the
space domain; on the other hand, we combine students in the
time domain. In this paper, K brothers J™,J™,...,J"% are
combined. Here, m; < my < --- < mg. We use the squared
error € for the new input x. Here, it is assumed that the
Gaussian noises of egs. (9) and (10) are independently added
to the teacher and each brother of the ensemble, respectively.
The weight of each brother J™* of the ensemble satisfies
Cr > 0. That is, the error of the ensemble is

1 K ’
€=-— B-x+nB—ch(J'"k x+n)) . 15
(porn S i)
Here, ng ~ N(0,03) and m ~ N(0,07).

A goal of statistical learning theory is to theoretically
obtain generalization errors. Since the generalization error
is the mean of errors over the distribution of the new input x
and noises ng, ng, k = 1, ..., K, the generalization error €, of
the ensemble is calculated as follows:

K K
€ = / dx dng (1‘[ dnk) p(x)p(np) ( I1 p(nk)) €
k=1 k=1
K K
-/ dv(l_[ duk) ang (]‘[ dnk) pOv. ) p(ng)
k=1 k=1

K 1 K
X (l_[ P(nk)> 5 (U +np —
k=1 =

=1

K K K
(1 - 2 Z CklmkRWlk + 2 Z Z Cka/ lm/‘ lmkr qu,mk,
k=1

k=1 k'>k
K K
2 pmiy2 | 2 2 2
+ kE 1 CX(I")? 4 0% + kg 1 Ck(f,),

where v = B - x and u[™ = J™ - x. We performed integra-
tion using the following: v and u; obey N(0,1). The
covariance between v and u; is R™, and that between u;
and up is ¢™"™. ng and n; are independent of other
probabilistic variables.

(16)

2
Cr(ugI™ + nk)) an

N[ =

(18)

084007-2



J. Phys. Soc. Jpn., Vol. 75, No. 8

S. MIYOSHI et al.

3.2 Differential equations for order parameters and their
analytical solutions

In this paper, we examine the thermodynamic limit
N — oo. Therefore, updates for eqs. (13) or (14) must be
executed O(N) times for the order parameters /, R, and g to
change by O(1). Thus, the continuous times 1, .. ., fx, which
are the time steps my,...,mg normalized by the dimension
N, are introduced as the superscripts that represent the
learning process. To simplify the analysis, we introduced
the following auxiliary order parameters:

r=IR, (19)

Qt,t’ = ltlt’qt,t/. (20)

The simultaneous differential equations in deterministic
forms,'® which describe the dynamical behaviors of order

parameters, are obtained on the basis of the self-averaging
of thermodynamic limits as follows:

dr cn (U

o = @1)
iﬂ_ ! (22)
Qtt 1 t l
ar =0I{f'u (23)
where ¢ >t and @' = x" - J'/I' ~ N(0, 1).

Since linear perceptrons are used in this paper, the sample
averages that appear in the above equations can be easily
calculated as follows:

(fu)y = n(' /I = 1), (24)
(fv'y =n(1 =, (25)
<f>2>—nz<1+af,e+a,+<1'>2 2r), (26)
(fliy =n(r — Q") /1. @27

Since all components of teacher B and initial student
J° are independently drawn from (0,1) and because
the thermodynamic limit N — oo is also used, they are
orthogonal to each other in the initial state. That is,

R’ =0. (28)
In addition,
P=1 (29)
and
Q" =y (30)

using eqs. (5) and (20). Using these initial conditions, we
can analytically solve the simultaneous differential equations
(21)—(27) as follows:

rt =1— e—nt, (31)
7 = 1457 o (o5 o)) =27

+ (2 -3 ! (o + a?))e"("-”’, (32)

0" =1—eM4e " + ((lt)z - 1)6_7’([,_[)- (33)

Substituting eqgs. (31)—(33) into eq. (18), the generaliza-
tion error €, can be analytically obtained as a function of
time t, k =1,...,K as follows:

N|~

[ —ZZCk (1—e ™)
+2 Z Z CiCr (1 — e ™ 47

=1 k'>k

+ (O' — Qe Mk (2 — o )e’l(’l 2)tA)e—n(tkr—tk))

K
+Y C(1+6" =27 + (2—&7)e"P")
k=1
+o2+ Z Czaj:|, (34)
k=1
&= ﬁ (03 + o2). 35)

4. Results and Discussion

The dynamical behaviors of I and R' are analytically
obtained using eqs. (19), (31), and (32). Figures 2 and 3
show some examples of the analytical results and the
corresponding simulation results for N = 2000. In these
figures, the curves represent theoretical results, and the
symbols represent simulation results. Figure 2 shows the
results of 0'123 = cr} = 0.0 and no noise. Figure 3 shows the
results of 0123 = a% =0.2.

Focusing on the signs of the powers of the exponential
functions in eq. (32), we can see that [ diverges if the
learning rate satisfies 0 > n or n > 2. I' converges to

I® =+1+0o?

(36)

1.6

Eta=1.8

1571 Eta=1.6 x

(@
1 L Al
¥ -
08 J,;;‘/"D + -
06| ¥ Bta=1.8 -
" Eta=14 =
|/ v Eta=1.0 *
0.4 Eta=0.6  °
T Bta=02 =
02 ff *
ok
0 2 4 6 8 10
t
(b)

Fig. 2. Dynamical behaviors of (a) I' and (b) R'. Theory and computer
2

simulations. o3 = o2 = 0.0.
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t
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Fig. 3. Dynamical behaviors of (a) I' and (b) R'. Theory and computer

simulations. 03 = 07 = 0.2. n = 1.8, 1.6, 1.4, 1.2, 1.0, 0.8, 0.6, 0.4, and
0.2 from the top.

if 0 <n<2. Equations (19) and (31) imply that R’
converges to

R® = 1/I°. (37)

Therefore, we can see that [*° = R = 1 in the case of no
noise, and /> > 1 and R* < 1 in the case of noise.
Since eq. (32) implies

2
0 wh -
< wenn<2+6§+63
d(rry? 2
) =0 whenp=-—5—, (38)
dr |, 2+ o5+ o3
2
0 wh _
> wenn>2+0§+03
the equation that is a function of ¢
dq'y?
— =0 39
dr (39)
has only one solution
1 n 2 2 )
t=—In(2—=(24+0+07) ), (40)
n(1 —n) ( 2 2 Hesta)

if the learning rate satisfies 0 < n <4/(2+ 0% + 0}) and
n # 1. Therefore, I asymptotically approaches unity after
becoming larger than unity if 0 < n < 1, and /' asymptoti-
cally approaches unity after becoming smaller than unity if
1 < n < 2, as shown in Fig. 2(a).

Equations (19), (31), and (32) imply

t1=00 -
t1=1.0 *
t1=2.0 =
t1=10.0 °
)
0.4 'x k,‘ )
e O e R
g Gy 3 e By
0.2 s s
0 2 4 6 8 10
©2-t1
(a)

1

08 H

0.6

o

04

02

0 L

0 2 4 6 8 10
2-tl
(b)

Fig. 4. Relationships between t, —#; and €, (a), " (b) in the case of
constant leading time #,. Theory and computer simulation. = 1.0, 03 =
2
o7 =0.2.

dr'

== 41
al @1

Therefore, the larger 7 is, the faster R increases, as shown in
Figs. 2(b) and 3(b). However, egs. (19), (31), (32), (36), and
(37) imply

Re_p= "
>

2-462
> () (Fer e 2T ).

(42)

when 7 is large. Since eq. (43) is O(e™™) if 0 < np <1 and
Oty = O(e™=1"=D1y if 1 < <2, the convergence
of R" is fastest when the learning rate satisfies n = 1. This
can be confirmed in Figs. 2(b) and 3(b). This phenomenon
can be understood by the fact that n =1 is a special
condition, for which the student uses up the information
obtained from input x.”

We analytically obtained the dynamical behaviors of the
generalization error €, and the direction cosine ¢ using
egs. (20) and (32)—(35). Figures 4 and 5 show some
examples of the analytical results and the corresponding
simulation results for N = 2000. In these figures, the curves
represent theoretical results, and the symbols represent
simulation results. €, was calculated for the simplest case,
that is, K = 2, C; = C, = 1/2. Other conditions are n = 1.0
and 03 =07 =0.2. In the computer simulation, €, was
obtained by averaging the squared errors for 10* random
inputs at each time step.
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Fig. 5. Relationships between #; and €, (a), " (b) in the case of constant
time interval #, — t;. Theory and computer simulation. n = 1.0, 03 =
2
o7 =0.2.

Figure 4 shows the relationships between f, — #; and €,
g"" in the case of a constant #;. When 1, — #; increases, €,
increases monotonically, remains constant, or decreases
monotonically depending on the value of 1. We prove this
by the following. Equation (34) implies that

L(
€ak=1) =5 (m (03 + 07)
(44)
+ (2 -5 i . (o3 + af))e”(”_z)t)

Therefore, €ykx—1) decreases monotonically, remains con-
stant, or increases monotonically as time ¢ proceeds. The
necessary and sufficient conditions for the above three
phenomena are

4
_— 45
n<2+a§+0§ (45)
4
P — (46)
2+ o5+ o7
4
n 47

g o3 +o7’
respectively. Since the output of the ensemble is the weighted
sum of the outputs of the brothers, the generalization error for
K > 1 also decreases monotonically, remains constant, or
increases monotonically. The necessary and sufficient con-
ditions for these three phenomena are also shown in egs.
(45)—(47). Since the condition of Fig. 4(a) is in agreement
with eq. (45), the generalization error decreases monotoni-

cally. Equations (20), (32), (33), and (36) imply that in the
case of f; =0, ¢ asymptotically approaches zero when
ty — t; — oo as shown in Fig. 4(b). This means that after a
long time the student is orthogonal with its initial condition.

Since the order parameters and €, were explicitly obtained
as functions of ¢ and ¢ in eqgs. (31)—(34), the relationships
between f; and g, q”’/ in the case of a constant time interval
of the brothers or constant f#,,; —#; can be calculated.
Figure 5 shows the relationships between f; and €,, ¢ in
the case of constant #, — #;. For the same reason as in
Fig. 4(a), the generalization error € also decreases monot-
onically in Fig. 5(a). Figure 5(b) shows that ¢"2 converges
to a value smaller than unity in the case of #, — f; # 0.0.
This means that the student continues to move after the order
parameters /, R, and g reach a steady state.

In Figs. 4 and 5, the generalization error €, and the
direction cosine ¢""?> seem to almost reach a steady state by
ty —t; > 5 or t; > 5. The behaviors of €, when the leading
time #; — oo or the time interval #;,; — t; — 00 can be
theoretically obtained, since the generalization error and
order parameters were analytically obtained as functions of
t, k=1,...,K, as shown in eq. (34).

Equations (32) and (34) imply that, at first, (I"? diverges
unless 0 < n < 2. Therefore, the generalization error di-
verges unless 0 < n < 2. If 0 < n < 2, the generalization
error can be discussed as follows:

When #; — oo, from eqs. (34) and (35) we obtain

1 K K K
eg=5[1—2;ck+222ckck/

k=1 k'>k

(1457 @+ apgeme)

K
(6h+4)
k=

2 n
+ZC,((1+2_]7

1

K
+op+ Y. c,faf}. (48)
k=1

In addition, when the time interval #.; — #; — oo, from
eq. (48) we obtain

1 K K K
eg:§|:l—2kzl:ck+ZZZCkar

k=1 k'>k

K 7 K

+Y Cl1+ (0} +07 )—l—(rz—i— Cio? |.

Y231+ 5, (it o) + i Y- Ciod

(49

Equation (49) shows that the generalization error decreas-

es as the learning rate n decreases regardless of K when

t} > oo and tyy | — ty — o0.

In addition, when the weights are uniform or C;, = C =
1/K, from eq. (49) we obtain

1 n 1 1
€= (rn (o5 + 03)> +3 <a§ - Eoﬁ). (50)
Here, considering the special case K = 1, we obtain
1 n 1
=3 (51 @+ ) 45+ d)

If B =J", the generalization error must equal the residual
error

(51
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1
=1 (03 +)

caused by noise from eq. (15), which is the definition of
error. Therefore, the difference between eqs. (51) and (52)

1 n 2 2
2<2_n@b+%)
is caused by the disagreement between B and J".

Next, let us consider another special case, K = oo. If and
only if

(52)

(33)

1 &
— ] k
B = lim > " (54)
the generalization error must equal the residual error
—la (35)
€ =<0
€= 5%

caused by noise from eq. (15), which is the definition of
error. Equation (54) is true, since eq. (50) equals eq. (55)
when K = oo.

In addition, if 03 = 07 = 02, eq. (50) changes as follows:

am (2 )
2K2—n 2

The relationship between the learning rate n and the
generalization error €, can be analytically obtained using
eq. (56) when both the leading time #; and the time interval
tr+1 — 1 are sufficiently large, and the uniform weight C; =
C=1/K and 03 = 0’% = 0.5. Figure 6 shows the analytical
results and the corresponding simulation results. In the
computer simulation, with N = 2000, leading time #; = 10,
and time interval ;. — ty = 10 (¢t = 1 — 4 = 20 when
n = 0.2), we obtained €, by averaging the squared errors for
10* random inputs at each time step. Figure 6 confirms the
following. The generalization error decreases as the learning
rate n decreases. The generalization error decreases and
converges to the residual error 03/2 as K increases.

In addition, if the learning rate satisfies n = 1, eq. (56)
becomes

(56)

100 T T .

on
k)
0. 1 1 1 1
0 0.5 1 1.5 2
Eta
Fig. 6. Relationship between learning rate n and generalization error €,

when both leading time # and time interval ;. — f; are sufficiently
large. Theory and computer simulation. Cx = C = 1/K and 0% = 07 =
0.5.

€, = (i + 1)02 57)
£ ek 2)

Equation (57) refers to the generalization error €, of
K = oo, which is 1/4 that of K = 1 when the learning rate
satisfies n = 1, uniform weights C, = 1/K, o3 = 07, t; —
00, and fy — f; — oo. Since the generalizaion error € of
conventional space-domain ensemble learning with K = oo,
n=1, Cx =1/K and 0% = 0; is 1/2 that of K = 1,” we
can say that time-domain ensemble learning is twice as
effective as conventional space-domain ensemble learning.
We can explain this difference as follows: In conventional
space-domain ensemble learning, the similarities among
students become high, since all students use the same
examples for learning. On the other hand, in time-domain
ensemble learning, the similarities among brothers keep
low, since all brothers use almost totally different examples
for learning.

5. Conclusion and Future Work

We analyzed the generalization performance of time-
domain ensemble learning in the framework of on-line
learning using a statistical mechanical method. We used a
model in which both the teacher and the student were linear
perceptrons with noises. We showed that time-domain
ensemble learning is twice as effective as conventional
space-domain ensemble learning.

It would be interesting to analyze the time-domain
ensemble learning of a model in which the teacher and
student are nonlinear perceptrons.!>!3 In that case, it would
be difficult to analytically obtain the generalization error and
order parameters. However, it is expected that the nonlinear
model will show qualitatively different and interesting
behaviors. Analysis of the nonlinear model is our future aim.
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